decTmBanb nccnegoBaTeibCKUX N TBOPYECKMNX
pabot yyawmxcs «[NOPTOOJINO»

FNocypnapcTtBeHHOEe obpa3oBaTtesibHOe yuypexaeHue nuuen Ne1571
CeBepo-3anagHoOro OKpPYyXHOro ynpaBrieHus
OenaprtameHTta OGpa3oBaHua ropoga MoCKBbI

Tema HAYy4HO - NCCJ1€A0BATESIbCKOIO MNMPOEeKTa

«Teopema lNughazopa u pa3siuyvyHbie
criocobbl eé dokazamesibcmea»

(nocobue ans yunutens u y4yawmxcs)

dl |



ABTOp npoekKTa
KypmaHoBa CseTnaHa,
ydeHuua 9 «b» knacca

Hay4HbI¥ pykoBoaUTENb NPOEKTa
CasoHoBa TaTtbsiHa PE€nopoBHa,

yynTesib MaTeMaTuUKn BbiCLUEN
KBanMdunkaunoHHON KaTeropum
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Llenu nccnepoBaHus:

° cobpaTtb MHopmauuto o6 uctopum teopemsl NMNudaropa n nonckax
pa3nnYHbIX CNOCOOOB €€ AOKa3aTesibCTBa;

° paspaboTaTb HOBble CNOCOOLI AOKa3aTesnibcTBa Teopemsbl NMudaropa.

[MpeomMmeT nccnepoBaHUA:

* Teopema lNudaropa n pasnnyHbie cnocooObI eé AoKa3aTenbCcTBa

'Mnote3bl nccnegoBaHUSA:

°* BO3MOXHOCTb NPMMEHEHUs1 TeopeMbl 06 OTpe3Kax XopA,
nepeceKaloWwmxcs BHYTPU Kpyra, K AoKa3aTenbcTBy Teopembl MNMucparopa;

* BO3MOXHOCTb CyLLeCTBOBaHUS AoKa3aTesnbCcTBa Teopemsbl Mudaropa c
ONnopon Ha TeopemMy O NPONOPLUMOHANILHOCTUN OTPE3KOB CeKyLlen n

OTpe3Ka KacaTenbHOU K OKPY>XXHOCTMW.

- _d
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C6op n nsyvyeHune nHhpopmaumm omi

15.09.2007 — 15.10.2007

ObpaboTka cobpaHHOW MHPpOPMaLMK, €€ aHanu3, BbiBIEHNE 0BLLNX
TEHOEHLUMA U 3aKOHOMEPHOCTEN B CNNUCKE HAaNAEHHbIX CNOCOOO0B
AokasartenbcrBa Teopembl [Nudaropa.

16.10.2007 — 20.10.2007

Monckun HOBbLIX eLWé He UCMONb30BaHHbIX TEOPETUYECKNX NOSTOKEHNN
NNaHUMETPUN, KOTOPbIE MOXHO ObIfio Obl NpUBNEYb K AOKa3aTenbCTBY
Teopembl NMudparopa. Ispuka! EcTtb ewé cnocob, ga He ognH!

21.10.2007 — 12.11.2007

dPopma npencraBneHUs pe3ynbLTaToB:

BbicTynneHue ¢ oceeleHMeM JaHHOM NpobnemMbl Ha ypoKkax reomeTpumn 17.11.2007 e.

B 8-X Knaccax no npocbbe yunTtenen. 89 «A»u 89 «b»
[MogrotoBka U HanucaHWe cTaTbW ANg odepeagHOro HomMmepa Hallero 24.11.2007 e.
nuuemnckoro XxypHana «MatemaTnyecknn Kanengockony.

3aluuTa npoekTa Ha LWKONbHOW Hay4YHO-NpaKkTUYeCKon KoHepeHunn. 28.11.2007 .
[MoaroToBka 1 Npe3eHTaums NpoeKkTa Ha OKPY>XHOM KOHKYPCE NPOEKTHbIX

n nccneposatenbcknx pabot «byayuee Cesepo-3anagay, 4 Hedens ghbesparns 2008 .
KOHKYpC «Wckatenn».

Coatb B MeTOAMYECKMIA KaBUHET nuuest anbbom npoekTa ans

AanbHENLLEro UCMosSib30BaHUS.-€F0 Ha YpOKax MeBO BHEKNACCHOM paboTte. Maii 2008 2.

yqynTenamMmm n nnuenctamu.

NMouck HOBLIX CNOCOOOB AOKa3aTeNbCTBa OyAeT NPoAOITKEeH.
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CoaepxKaHue

JIntepartypa

N3 Brnorpadum NMudparopa

N3 nctopumn Teopembl

PopMynMpoBKN TEOPEMBI

Pasnn4yHble cnocobbl gokasaTenbcTBa Teopemsl [Mndaropa
lNMpocTenwee foKa3aTenbLCTBO

JJokaszaTtenbCTBO dnNITENHA

Hoka3aTtenbcTBO Bxackapu - AyapHa (XIl Bek)
[doka3aTtenbcTBO HUnNbceHa

Hoka3aTtenbcTBO beTxepa

HDoka3aTenbcTtBo lepurans

Hoka3aTtenbcTBo NyTXEeNA

Hdoka3aTtenbcTBO IX BeKka H.3.

JJokazaTenbCTBO METO4OM AONOJSIHEHUSA
[doka3aTtenbcTBO EBKNUAa

[okasaTtenbcTBO XOyKMHCa

JdokaszatenbcTBO Banbaxenma

[oka3saTtenbCTBO OCHOBaHHOEe Ha Teopun nogoous
ManeHbkasa — maneHbKasi CKa3ka, rae aBTop NpoeKkTa NnpMBoAUT CBOU AOKa3aTenbCTBa

Teopembl NMudharopa

SSSKSSSSKSSKSKSKKs««x
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IlutepaTypa

BepesnH B. A. Teopema lNudparopa. KeaHT, Ne8, 1971 r.

BaH-gep-BapaeH B.J1. Tpobyxaatowasica Hayka. Matematuka [peBHero Ernnta,
BaBunoHa u Npeunn. M., Yunearmns, 1959 .

[mensep U. UcTopuna matematukm B wikone. M., lNpoceeweHne, 1982 .

EneHbckun L. o cnegam lNudparopa. M., Yunearus, 1961 r.

JlnTtuman B. Teopema lNudparopa. M., lNpoceeweHue, 1960 r.

Ckoneu 3.A. leomeTpunyeckne mmuHuatiopbl. M., Npoceelwenne, 1990 r.

deoktuctos U. N'eometpusa go EBknuaa B odepkax u 3agadax. M.,
Uncrtele npyabl, 2005 .
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U3 onorpadcdum NMudbaropa

Benukun yyénbin Nudparop poauncs okorno 570 1. Ao H.9. Ha
octpoBe Camoce. Otuom MNMudparopa 611 MHecapx, pesdnk no
AparoueHHbIM KaMHaM. ms xxe matepu Nudbaropa HEN3BECTHO.
Mo MHOMMM aHTMYHbIM CBMAETENBbCTBAM, POAUBLUMIACS Marb4YmK
ObIf1 CKAa304HO KpacuB, a BCKOPE NPOSIBUM 1 CBOW He3aypsigHble
cnocobHocTw.

Cpegu yuutenen oHoro Nudparopa Tpaguumst HasblBaeT MMeHa
ctapua lepmogamaHTta n ®epeknga CMpocckoro (XoTa n HeT
TBEPLOW YBEPEHHOCTU B TOM, YTO MMEHHO ['epmMogamaHT u
®epekng 6611 nepebiMu yuntenamm MNudaropa). Lienbie gHu
npoBoaun oHbIN MNudrarop y Hor ctapua epmogamaHTa, BHUMas
mMernoann knapsl n reksametpam lomepa.

CTtpacTb K My3blke 1 Noasuu Benukoro Flomepa lMNudarop
COXpaHun Ha BCHO Xn3Hb. W, Byayun NpusHaHHbIM MyapeLOM,
OKPY>KEHHbIM TOMMOW y4eHUKoB, NMudarop Ha4nHan geHb C NeHns
ogHon u3 neceH Nomepa. ®epekng xe 6b1n hunocodom u
cuyuTancsa ocHoBaTenem UTanunuckom WKonbl ounocopun. Takum
obpasowm, ecnn NepmogamaHT BBEN toHOro Mudbaropa B Kpyr mya,
TOo Pepekng obpaTnn ero ym kK norocy. Pepekung Hanpasuni B3op
Mndparopa k npupoae n B Hen ogHOM COBETOBAr BUAETL CBOEro
NepBOro 1 rmaBHoro yuntens. Ho kak 6bl To HM BbIno,
HEeyroMoHHOMY BOOGpaxxeHuto toHoro MNMudaropa o4eHb CKOpo
cTarno TecHo Ha maneHbkoM Camoce, 1 OH OTNpaBnsAeTcs B
Mwunert, rge BCTpeyaeTcs ¢ Apyrnm y4éHoim - anecom. danec
COBETYET eMy OTnpaBuUTbCs 3a 3HaHUsAMU B Eruner, yto Nudparop
ucpenar: dE -




« 7:”0/5/%% /70/95420/% u /Uﬂj/{///”[/%{f [ﬁ&(&é;l 4 g&(ﬂ;ﬂ/"&{b(/"gﬂ»

B 548 r. o H.3. NMudarop npmbein B HaBkpaTnC - CaMOCCKYH KONMOHMIO, rae Obino y KOro HanTu KpoB 1 nuLly. M3yumB A3bik
N penuruio ervnTsiH, oH yeaxaet B Memduc. HecmoTpst Ha pekomeHaaTterlbHoe NUCbMO hapaoHa, XMTPOYMHbIE XpeLbl He
crnewwmnnn packpbiBaTtb [udgaropy cBom TanHbl, Npeanaras eMy CroXHble UChbiTaHus. Ho, BIEKOMBIN XaXXa0WN K 3HAHUAM,
Mudparop npeogonen Bce 3TU UCMbITAHUS, XOTS, NO AaHHBbIM PACKOMOK, ervrneTckue Xpeubl He MHOroOMYy MOrn ero
Hay4uTb, TaK KaKk B TO BPEMS ermneTckas reomeTpusi 6binia YNCTO NPUKNaaHON Haykown (Y4OoBNETBOPSABLUEN NOTPEOHOCTb
TOro BpEMEHU B CHETE N B U3MEPEHUMU 3eMeENbHbIX Y4acTKOB). [10aTOMy, Hay4YMBLUMCE BCEMY, YTO Jann eMy XpeLlbl, OH,
ybexaB OT HUX, ABUHYNCA Ha poauHy B Onnagy. OgHako, npogenas YacTtb nyTu, MNMudarop pelsaeTcsa Ha cyxonyTHoe
nyTewwecTBMe, BO BPEMSI KOTOPOro ero 3axsatun B nneH Kambus, uapb BaBunoHa, HanpaensBLUMNCS 4OMOW.

He ctouT gpamatnsmpoBath *u3Hb [Nnudaropa B BaBunowe, T.k. Benukuii Bnactutens Knp 6bin Tepnum ko Bcem
nneHHnkam. BaBnnoHckas matematuka 6bina, 6eccnopHo, 6onee pasBuTon (NPUMEPOM 3TOMY MOXKET CIY>XUTb
No3MUMOHHAsA cMcTeMa ncHmUcnenuns), 4em erunetckas, u MNMudparopy 6110 Yemy noyunTbes. Ho B 530 r. 4o H.3. Kup
ABVIHYICA B noxof NpoTtmB nneMéH B CpeaHen Asnn. W, nonb3ysicb Nnepenonoxom B ropoge, Nudarop cbexan Ha poanHy.
A Ha Camoce B T0 Bpems LapcTBoBan TupaH lNonukpat. KoHevHo xe, [Nudaropa He ycTpauBarna Xn3sHb NpuaBOpPHOro
nonypaba, n oH yaanuncs B newepbl B okpecTHocTsax Camoca. MNMonukpat ero npecneayet, u Mudarop BbIHYXAEH
nepecenntbcs B KpoTtoH. B KpoToHe NMudarop yupeaun He4To Bpoae penmrmo3Ho-aTu4eckoro 6parcrea unm TanHoro
MOHaLleckoro opgaeHa ("nudgaropeniubl"), YneHbl KOTOPOro 0653bIBanncb BECTU Tak HasbiBaeMbI Nudparopencknin obpas
XN3HW. 3TO BbIN OAHOBPEMEHHO M PESNTUTMO3HBINA COK3, N MNONMUTUYECKUIA KNyD, N HAay4YHOEe OBLLECTBO.

... Mpowno 20 net. Cnaea o 6patcTBe pasHecnack no Bcemy mupy. OgHaxabl k Mudparopy npuxognt KunoH, yenosek
BoraTbii, HO 3N0N, Xenas cnbsiHy BCTynNUTb B 6GpatcTBo. Mony4nB oTkas, KnnoH HauymHaet 60pbby ¢ MNMudaropom, He
OCTaHaBMNMBasiCb Nepea NoAXoromM ero goma. [Npu noxape nugaropenybl Cnacnv Xmn3Hb CBOEMY YYNTENO LLEHOW CBOEN —
OHW CBOMMM Tenamm BbIMOCTUIIM JOpory ntobumomy yuntento ns ropsiero goma. bes ceoen wkonbl n 6e3 cBomx
yyeHukoB [udparop 3aTockoBasn 1 BCKOPE NOKOHYMI XXN3Hb CaMOyBUNCTBOM.

Ho B pasnuyHbIX MCTOYHMKAX MOXHO BCTPETUTb 1 ApPYyriMe Bepcumn nocneaHunx aHen Mudparopa.
3agada gaHHOro npoekTa - obpaTuTbes K UCTopun Teopemsl MNudaropa 1 pasnuyHbiM criocobam eé gokasaTenbCTBa.
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U3 ncropum TeOpeMbI

NcTopuueckun 063op HauHEM ¢ [IpeBHero Kutas. 2

B
Camoe apeBHee Knutanckoe matemaTtuko-acTpoHOMUYecKoe >y
coumHeHue «4Yxoy-6u», HanncaHHoe okono 1100 . 4O H.3., B g ;
NepBoW rMaBe COAepPXUT NPearnoxXeHns, OTHOCALLUMECA K %' 2

NPAMOYrofibHOMY TPEeYronbHUKY, Cpean KOTOPbIX — U
Teopema lNndgparopa. B netonncax otmeyaetcs, 4To
Mudparoposa Tponka 3;4; 5 Obina nssectHa B Kutae
ewe okono 2200 r. 4O H.9.

Mpuyém hopmynmnpoBKa CreayoLero YTBEPXXAEeHUsS1 COOTBETCTBYET MMEHHO NPSIMOK, a He oBpaTHOM
Teopeme:

"Ecnu npsiMou y2011 pa3fioxXums Ha cocmasHble Yyacmu,
mo JIUHUSI, COeOUHSAWas KOHUbl €20 CmopoH, bydem 5,
Ko20a ocHogsaHue ecmb 3, a ebicoma 4".




KaHTop (KpynHeuLwmmn HeMeLKu NCTOPUK MaTteMaTuKM) CYUTAET, YTO
paBeHCTBO 3 2 + 4 2 = 52 ObINO N3BECTHO YXXe erunTsaHam eLle
okono 2300 r. 4o H. 3., BO BpeMeHa uaps AmeHemxeTa |

(cornacHo nanupycy 6619 BepnuHckoro myses).

Mo MHeHnto KaHTopa 2apriedoHanmael, unn "HatarmBaTenn BepeBok”,
CTpoOUnn NPSIMbIE YIibl NPU MOMOLLM NPAMOYIOSIbHbIX TPEYrONbHUKOB CO
cTtopoHamu 3,4 n 5.

*  O4yeHb Nerko MOXXHO BOCMNPOU3BECTU NX CNOCOH NOCTPOEHMA.
Bo3bmem BepEeBKY ANMHOK B 12 NMNHENHbIX eANHUL, U
NPUBSXXEM K HEW NO LIBETHOW NOSIOCKE Ha pacCcTosiHUK 3
eQVHNLbI OT OAHOro KoHUa U 4 eauHuLbl OT ApYyroro.
[MpamMon yron okaxkeTca 3aKniYEHHbIM MeXay CTOPOHaMM
AnvHon B 3 n 4. NapnegoHanTaMm MOXHO Oblno Obl
BO3pa3unTb, YTO MX CNOCOB NOCTPOEHNSA CTAHOBUTCS
N3NULWHMM, €CNU BOCMONb30BaTbCHA, HaNpuvep,
OEepPEBAHHBIM YTrOfIbHUKOM, MPUMEHSIEMbIM BCEMMU

nnoTHuKamun. I nencTBnTenbHO, N3BECTHbI ermneTckne

PUCYHKWN, Ha KOTOPbIX BCTPeYaeTCcs Takou NMHCTPYMEHT:

Hanpumep, PUCYHKU, n3obpaxatoime CToNsApHyH

MacTepcKy. Ho B TOM-TO 1 geno, YTo A9 U3rotoBneHns

Takoro wabnoHa Kak pas 1 Ucrnonb3oBanu naeto

[10HaNTOB. <




CooTHOLLEHNE MeXaY KaTeTaMn U TMNOTEHY30M MOXHO
BCTPETUTb Y BaBUIOHSH. B 0gHOM TeKCTe, OTHOCMMOM KO
BpeMeHn LapcrteoBaHma Xammypanu, T. e. Kk 2000 r. go H. 3.,
NpuBoaAMTCSA NPUBNMKEHHOE BblYUCIIEHNE TMMOTEHY3bI
NPAMOYrofibHoOro TpeyronbHuka. OTcloga MOXHO caenaTtb
BbIBOA, YTO B [1Bypeybe ymenun npoms3BOAnTb BbIYUCIIEHUS
CTOPOH MpPSIMOYrosfibHOro TPeyrosfibHuKa, rno KpamHen mepe, B
HEeKOTOpbIX crnyyasix. BaBunoHaHe cMornm HamTn Takue
«nudparopoBbl TPONKNY», Kak 65; 72; 97 nnn 3456; 3367; 4825.

= Teopema 0 KBagpaTe rmnoTeHy3bl BCTPEYaeTCs B CBALLEHHbIX APEBHEUHANNCKNX KHUrax « CynbBa-
cytpa» («lMpaBuna BepEBKN») co3gaHHbIX B nepmnog ¢ VII no 1V Bekax Ao H.a.

s

Yntaem npaBuno Ans NoCTpoeHus NpsMoro yrna -
nepneHauKkynsapa K HanpaeneHuto xXepTBeHHuKa: «K KoHuam
ompe3ska OnuHou 39 npukpenumMm KOHUbI 8epésKu OnuHou 51
C y3/710M Ha paccmosiHuu 15 om 00HO20 U3 KOHU08,; depxa
3a y3en u, Nno0msiHy8 8epéEesKy, rnony4um rpsimou yaory.
N3BecTHast Ham Teopema lndgparopa Tam nmena
cnegytoLuyto hopmynupoBky: «Keadpam duazoHanu
MPSMOYy20/IbHUKa paseH cyMmMme Keaodpamos e2o bosnbwel u
MeHbLWEeU CMOPOH.

- Keadpam Ha duazoHanu keadpama & dea pa3a bosbuwe
s ‘J

o «sadpamay. « ail
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Kak Bugum Teopema ata bbinia oTkpbiTa npaktnkamu novtn 3a 600 net go MNudaropa.
Ho 3TO HNUYYyTb HE yMarnseT ero 3acnyru rnepes Haykowu.

B "lNepeyHe matematukos”, npunuceiBaemom Eefemy, o lNMudarope ckaszaHo Tak: "Kak
nepenatot, MNudarop npespatun 3aHATE 3TON OTPachblo 3HaHUSA (FrEOMETpUEN) B
HaCTOSILLYIO HayKy, paccMaTpuBasi €€ OCHOBbI C BbICLLEW TOYKN 3pEHNA 1 nccneays eé
Teopum MeHee matepuanbHbIM 1 6oree yMCTBEHHBIM 0bpasom”.

OcHOBbIBasACh, C OAHOW CTOPOHbI, HA CErOAHALIHEM YPOBHE 3HAHWI O ETMMNETCKON U
BaBWJIOHCKOW Matematuke, a C ApYromn - Ha KpUTUYECKOM M3YHEHUMN rPEHECKNX
NCTOYHNKOB, BaH-aep- Bap,u,eH (ronnaHAackuin MaTemMaTuk) caenan cneayoLwnin BbiBo4:

"3acryz2ol nepsebix epe4eckux mamemamukos, makux kak ®anec, Nugpazop u
nughazopelusbl, A6119€emMcs He OMKpbIMue MamemMamuku, HoO eé cucmemamu3auusi u
obocHosaHue. B ux pykax eblducriumeribHble peuermsl, OCHO8aHHbIE Ha CMYMHbIX
rnpedcmaeneHusix, rnpespamusiuchb 8 MoYHy Hayky."

[Mndparopy npunuckLIBatoTCS CO3a4aHMe OCHOB MNaHUMETPUKN, NPaBu NOCTPOEHUS
HEeKOTOPbIX NPaBUNbHbIX MHOTOYrofibHUKOB U MHOFOrPaHHUKOB, BBEAEHNE LLMPOKOro U
0bs13aTenbHOr0 NCMNOb30BaHUS AoKa3aTeNbCTB B reOMETPUN, CO3AaHNE YHEHUS O
nogodun, U , HakoHel,

NHTepecHa nereHaga, n3 KOTOPOW Mbl y3HaAEM, C Kakown cTpacTbio Nundparop nsydan yxe
AOCTUrHYTOE B MaTeMaTuKe U CoBepLUasi HOBbIE Hay4YHblEe OTKPbITUS.
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N3BecTHa, Hanpumep, nereHaa, pacckasbliBatoLasi Ham O ToM, Kak Nudparop, cymeBLumm
AoKasaTb TeOpeMy, MPULLIES B HEONUCYEMbIN BOCTOPr U B BnarogapHocTb 6oram NpUHEC UM B
xepTBy 100 6bIKOB.

Hemeuknn nmncartesib-poMaHnCT LLlamucco c FOMOPOM MULLET:

[Tpebydem eeuHolU ucmuHa, Kak CKOpO
E€ nosHaem cnabsbil Yyerogek!

U HbiHe meopema [lucghazopa

BepHa, Kak u 8 e2o Oarnékuu ex.

OburibHO bbIr10 XXepmeorpuUHOWEeHbE
bozam om lNughazopa. Cmo bbiKkos

OH omQdar Ha 3aKraHbe U COXXXEeHbe
3a ceema nyd, npuwedwul ¢ obriakos.

[loamomy eceada ¢ mex cambiX rop,
Uymb ucmuHa poxdaemcsi Ha ceem,
bbiku pesym, eé royys ,ecried.

OHu He 8 cunax ceemy rnomewams ,
A Moz2ym nuwb, 3aKpbie 2r1a3a, Opoxamhb
Om cmpaxa, 4ymo ecernurn 8 Hux lNughazop.

R Y “ Ry A‘
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POopMYINNPOBKU TeOpEMbI

Y EBknunoa ata Teopema rnacut (4OCNOBHbIN NepeBos):
"B rnpsiMoy20/1bHOM mpey20/iIbHUKe Keadpam CmMOpPOHbI, HAMSAHYmMouU Hao rpsiMbIM yaIioM,
paseH kgadpamam Ha CmopoHax, 3aksodarouwux npsmou yaon"”,

JTatnHckun nepesof apabcekoro Tekcta AHHavpuum (okorno 900 r. 4o H. 3. ), caenaHHbIN
[epxapgom KnemoHckum (Havano Xl B.), B nepeBoge Ha pycCKUm rnacurT:

"Bo 8CSIKOM rpsiMOy20/1bHOM mpey20/ibHUKe Keadpam, obpa3oeaHHbIlU Ha CMOPOHE,
HamsiHymou Hao rpsiMbIM y2J/10M, pageH cyMme 08yX Keadpamos, 0bpa3oeaHHbIX Ha 08yx
CMOPOHaXx, 3aKrrdarowux rnpsmou yaon".

B Geometria Culmonensis (okono 1400 r.) B nepeBoge Teopema Yntaercs Tak :
"imak, nnowadb keadpama, UsMepeHHO20 o O/ITUHHOU CMOPOHE, CMOJIb Xe 8erlUKa, KakK y
08yx Keadpamos, Komopble U3MEPEHbI 110 A8YM CMOpOHaM €20, NMPUMbIKarWUM K rpsiMomMy

yeny".
B nepBom pycckom nepeBoge eBknnaosbix "Havan", caenaHHom
@. WN. MNMeTpywesckum, Teopema lNunudparopa nanoxeHa Tak:

"B npsiMoy20sibHbIX mpeyaoribHUKax keadpam U3 CmopoOHbI, ripomueornexxauwiel rnpsiMomy
yerly, pageH cymme Keadpamoe U3 CmMOPOH, cooepxkauux rnpsmou yaos".

Bonee cTporon Hago cymMTaTbh Takyo OPMYNUPOBKY: «Ecnn runoteHy3a v KaTeThl
NPSIMOYrOfIbHOrO TPEYrofibHMKa N3MepeEHbl O4HOW N TOW Xe eAVHULIEN ANWHbI, TO KBagpaT
YMCMOBOro 3Ha4YEHUA OSNMMHbI TMNOTEHY3bl paBEH CyMMeE KBagpaToB YMCNOBbIX 3HAYEHUN
OJINH KaTeTOBY.
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a3finvyHble cnocobbl AoKa3aTesribCTBa

Teopembl lNudaropa

MpocTenwee AoKa3aTenbCTBO

Ha pucyHke gaH npoctenwmnin paBHobenpeHHbIN
NPAMOYrosSibHbIN TpeyronbHk ABC (3akpalueH cepbim
usetom, AB n BC -kateThl).

Mo AaHHOMY PUCYHKY S NpUBeAY ABa AoKa3aTenbCTaa.

Ecnu kBagpaTtbl OTNOXNTb B 0OLLYHO YacTb
nonynnockocten ¢ rpaHmuamm AB n BC, To cymma
YMCNOBbIX 3HAYEHUN NIoLaaen KBagpartos,

MOCTPOEHHbIX Ha KaTeTax, paBHa 4SABC (kBagpaTbl
coBnanu). Ho n nnowaap KkBagpara, NOCTPOEHHOro Ha

rMnoTeHy3e, Toxe paBHa 4SABC

Ecnu e kBagpaTbl OTNOXWUTb HAa CTOPOHAX BO BHELLIHIOKO
obnactb, TO 1 B 3TOM crydae 2+2=4.

Teopema gokasaHa.

- - g <X = 2 ak
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[Joka3aTenbCcTBa METOAOM pPa3rioXeHus

CYLLIECTBYET LienbI paf AokasaTenbcTB Teopembl [ndaropa, B KOTOpbIX KBagpaThl, MOCTPOEHHbIE Ha KaTeTax u
Ha r’MnoTeHy3e, pa3pes3alnTcs Tak, YTO KaXkaolu YacTu KBagpara, MOCTPOEHHOrO Ha rMNoTeHy3e, COOTBETCTBYET
4acTb OAHOrO U3 KBaApaToB, MOCTPOEHHbIX Ha KaTeTax. Bo Bcex aTux cry4yasax Ans noHMMaHus naeu
[loKkasaTenbCTBa OCTATOYHO OAHOrO B3rNnsAa Ha YepTéx. [peBHUe NHAYCCKMe MaTeMaTUK OPEBHOCTU
BOOGLLIE OrpaHNYMBanmncb €OMHCTBEHHbIM CrioBoM: «CmMoTpu!».

10, 6e3ycnoBHO, 4OKA3aTENbLCTBO HEMb3si CYNTATb MOSHBbIM, MOKa Mbl HE JOKa3anu paBeHCTBa BCEX
COOTBETCTBYHOLMX APYr APYry YacTen.

3 JaHHOM MpoeKTe AAaéTcsA B OCHOBHOM 0030p Mel AoKasaTenbCcTBa, HO YYUTENb BCeraa MOXET Y Bac NMonpocuTb
[loKa3aTb PAaBEHCTBO COOTBETCTBYHOLLNX PUryp.

[Noka3aTenbCcTBO JAnNWTEenHa

Touku E, C n F nexart Ha ogHOM NpsiMOn; 3TO crieayet u3
HEeCII0XKHbIX pacye€ToB rpagycHon mepbl yrna ECF (oH
pas3BEPHYTLIN).

CD nposoanm nepneHankynapHo EF. E -

[MpogorkeHbl BBEPX fieBas 1 npaBasi CTOPOHbI KBagpaTa,
MOCTPOEHHOro Ha rmnoTeHy3e, Ao nepecedenus ¢ EF; npogomkeHa
ctopoHa EA o nepecedenus c CD.

COOTBETCTBEHHO paBHble TPEYroNbHUKN OAMHAKOBO

NPOHYMEepPOBaHbLI.
P
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Hoka3saTenbcTBO bxackapu - AyapHa (XIl Bek)

C OTOT MHOWWUCKUIN MaTeMaTUK B MOACHEHUU K PUCYHKY Hanucarsn

TONbKO OAHY CTPOYKY: "CmoTpun!". YUYEHbIE CUMTAIOT, YTO OH
Bblpaxkan nnowazb KBagpaTa, MNOCTPOEHHOro Ha rMNoTeHy3e, Kak
CyMMYy nriowiazien TpeyrosibHUKOB (4ab/2) n nnowaab BHyTPEHHEro
kBagpara (a - b)*:

Q C
2o c*>=4ab/2+(a -b)?;
c?=2ab+a%-2ab+b?;
c*=a%+b?
C Teopema gokasaHa.

Noka3zaTtenbcTBO HUNbLCceHa

HunbceH npeanoxun Takoe pasdneHue.

MHoroyronbHuKn paBHbIX nrowagen (paBHoBenukne urypoil)
OOMHAKOBO MPOHYMUPOBaHbI.
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Joka3aTtenbcTBO beTxepa

EeTxep NOKa3bIBAET, KaK U3 TPEYIroJyibHNKOB, BXOAALLKNX B COCTAB KBaAgpaToB, NMOCTPOEHHbLIX Ha
KaTeTax, COCTaBUTb KBaApar, I'IOCTpOGHHbIVI Ha rMroTeHy3e.

HwxHue TpeyronbHukn 8 n 4 otogsuraem ot courypbl 5-1, nepepacnpegensem 7;6;2;3 Tak, Kak
NOKa3aHO Ha BTOPOM PUCYHKeE.

OueHb HagewCh, YTO BaM CaMMM 3aX0YETCS B3ATb B PYKU HOXHULIbI, Bymary 1 cocTaBUTb 3Ty
KOMMO3nLMio, YTOObI YOeanTbes elweé pas, YTo Nnollaab KBagpata, MOCTPOEHHOro Ha rMNoTeHy3e,
[OEeNCTBUTENbHO paBHa CymMMe Mnollafen KBagpaToB, MOCTPOEHHbIX Ha KaTeTax.
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[Mepuranb Yyepes LeHTp KBa ac?‘i‘"B‘t'f“I"l 2 3
aJisd
NPOBOANT NPAMbIE: OOHY panneanyro m OLHY - nepnenau Kpl SAPHYO
rmnoTeHyse.
3]
B KHUrax dpparmeHT 3TOro pycyHka Ha3bIBalOT «KOS1ECO C JIONacTAMMUY. 1 4

CooTBETCTBEHHO paBHbl€ MHOIOYroJfibHUMKM OANHAaKOBO MPOHYyMepOBaHbl.

[Joka3aTtenbcTBO ['YyTXEnns

[yTXennb Npegnaraet Takoe HarnsagHoe pacnosioXeHne oTaesbHbIX
yacTemn.

Monpobyn 3akpacuTb COOTBETCTBEHHO paBHble YacTu, N CTAHET
NOHATHA nages matematuka. BHOBb Mbl ybexxgaemcs, 4To nnowagb
KBagpaTa, MOCTPOEHHOro Ha MMNoTeHy3e, paBHa CymMme nrowagen
KBagpaToB, MOCTPOEHHbIX Ha KaTeTax.

Ecnu TpeyronbHuk 6yaeT paBHoGeapeHHbIM NPAMOYrOfbHbIM, TO

MCYE3HYT YacTn 5; 6 n 7

_ar _ _
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oka3aTtenbcTBO IX Beka H.2.

Mbl ¢ Bamu paccmo‘!;:)'énm AokKasaTesibCTBa B KOTOPbIX KBadpaT, MOCTPOEHHbIN Ha MMMNOTEHY3e, U
KBagpaTbl, MOCTPOEHHbIE HAa KaTeTax, CKraablBannCb N3 COOTBETCTBEHHO PaBHbIX
Hernepecekarowmxca ouryp. Takme gokasaTtenbCcTBa HasblBalOTCA JOKa3aTenbCTBaMu Npu NoMoLLm
cnoxeHus ("agauTMBHbIMUK AoKasaTtenbcTBaMmn") Unu, Yalle, AokasaTenbCcTBaMmm MeTogom
pasnoxeHus. Matematuku |X Beka npeanaranu gpyroe pacnosioxXeHue KsagpaTos.

MaTtemaTunkun 9 cToneTuss HoBOW 3pbl pa3MecTunm
KBagpaThbl, MOCTPOEHHbIE Ha KaTeTax, CTyneHAMN,
OOWH pAOoOM € ApyruMm. MHAycbl HasbiBanu aTy
KoMno3muuio "cTtynom HeBecTbl". [1oCTPOEH 1
KBagpaT CO CTOPOHOW, paBHOW runoteHy3e. Obwas
YyacTb OBYX KBagpaToB, MOCTPOEHHbIX Ha KaTeTax, U
KBagpara, MOCTPOEHHOro Ha rmnoTeHyse, -
HenpaBWUSTbHbIN 3aLUTPUXOBAHHbIN LLECTUYTOSNbHUK 5.
[MpucoegnHmB K HeMy TpeyrosibHUkM 1 ; 2 1 ewwe
OOVH ManeHbKUn TpeyronbHn4YeK, nonydnm oba
KBagpaTa, MOCTPOEHHbIE Ha KaTeTax; eCrn Xe K
3aLUTPUXOBaAHHOW douUrype npucoeanHuUTb
TpeyrosnibHUKM 3 1 4 (COOTBETCTBEHHO paBHble 1 1 2)
N TaKOM e MarneHbKUN TPEYrofibHUK, TO NomnyyYmum
KBagpart, MOCTPOEHHbLIN Ha rTMNOTEHY3e
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[Noka3aTenbCTBO MeTOAOM AO0NONMHEeHUs

[ToBOPOTOM MNOCKOCTU C LIeHTPOM B T.A Ha
«-90 rpagycoB» YeTblpéxyronbHnk ACKJ
COBMECTUM C YeTblpéxyronbHnkom ADGB.
[Mnowanb Kaxgoro n3 HUX COOTBETCTBEHHO
nosioBmHa nnowaan wectnyronbHnkos ACBHKJ
n ADEFGB.

OT OoByX paBHbIX NAoWaaen HY>XHO OTHATb
paBHOBESIMKMNE YacTn (Napbl paBHbIX
NPAMOYroSibHbIX TPeyronbHukos 1;2 n 1;3) Tak,
4TObOLI B OQHOM Crlydae octanuchb ABa KBagpara,
NOCTPOEHHbIE Ha KaTeTax, a B pyroM- KBagpar,
NOCTPOEHHbIN Ha rMMOTEHY3E.

A ecnu ot PpaBHbIX YNCEJ1 OTHATb paBHbIE YNCI1A,
TO N PA3HOCTH 6y,EI,yT [paBHbI.

F G




Noka3aTenbcTBO EBKNIMAa

OTO0 AokasaTenbCcTBO ObIN10 NpuBeaeHo EBknmuaom B ero "Havanax". No
ceugetenscTBy Npokna (BusaHTus), oHO npngymaHo cammm EBKNnaom.
[lokasaTenbcTBo EBKNMaa npmBeneHo B npeanoxeHun 47 nepsoun kHurm "Havan".
Ha runoTteHy3e 1 katetax npsiMoyronibHoro TpeyronsHuka ABC cTpodaTtcs
COOTBETCTBYHOLLME KBagpaThl U JOKa3biBaeTCcH, YTo npamMoyronsHuk BJLD
paBHoBenuk ksagpaTy ABFH, a npamoyroneHuk JCEL - kBagpaty AGKC. Torga
cyMMma nnowiagen KsagpaToB Ha KaTteTax OyaeTt paBHa nnowaan keagpara Ha

rMNOTEHy3e.
B camom pgene, TpeyronsHukn ABD n BFC

paBHbl NO ABYM CTOPOHAM W YrIly Mexay HUMMU:

FB = AB, BC = BD, a yrmbl mexgy HUMW paBHbl
K Kak Tynble yrnbl CO B3aUMHO

nepneHankynsapHbIMM CTOPOHaMMN.

SABD =0,5S BJLD, )
Tak Kak y TpeyronbHuka ABD u npsimoyrosnibHuka BJLD obuiee ocHoBaHue

BD v o6wast Bbicota LD. AHanornuHo SFBC=0,5S ABFH
(BF-06bwee ocHoBaHne, AB-obwas BbicoTa). OTcioga, yumTbiBasi, 4Yto
SABD=SFBC, nmeem SBJLD=SABFH.
AHanormn4Ho, ecnu Bbl NpoBeaeTe oTpe3ok AE ncnonb3yete paBeHCTBO
TpeyronbHukoB BCK 1 ACE, To gokaxete, yto SJCEL=SACKG.

Wrak, SABFH+SACKG= SBJLD+SJCEEE SBCED, yto 1 TpeGosanoch

: £ foKasaTb. ‘
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[oka3zaTtenbcTBO XOYKUHCA

XOYKMHC 3a4a€T NOBOPOT MNSIOCKOCTU MO YaCcOBOW CTPENKe C
ueHTpom B Touke C Ha 90 rpagycos. Torga o6pasom
TpeyronbHuka BCA npu aTom NoBOpoOTE CTAHET
TpeyronbHuk B’CA’ lNpoeeném BoicoTy B'D TpeyronbHuka
B'AB. Bblgenvm LUTPUXOBKOW HEBbLIMNYKIbIN
yeTblpexyrosnbHk A'AB'B. Ero MOXXHO pasnoXxuTb unm Ha
ABa paBHobeapeHHbIx TpeyronbHuka CAA' n CBB' ,unun Ha
nBa TpeyronsHuka A'B'A n A'B'B.

SCAA'=b22 , SCBB'=a2/2

SA'AB'B=(a%+b?)/2

TpeyronbHukn A'B'A n A'B'B numetot obLuee ocHoBaHne AB’=c n
BbicoTbl DA 1 DB, noatomy :

SA'AB'B=c*DA/2+ c*DB/2=c(DA+DB)/2=c?/2

CpaBHuBas gBa nonyyYeHHbIX BblpaXXeHUs Ans BblYNCNEHNS
nsoLwaan ogHoM 1 Ton e ourypbl, NOsTy4YnMm:

a*+b?=c?

Teopema gokasaHa.
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[Noka3aTenbcTBO Banbaxenma

Banbaxenm nonb3yetcs Tem, 4YTO nnowaib
NPAMOYrOSibHOro TpeyroribHMKa paBHa
T NosI0OBUHE NPOU3BELEHUS €r0 KaTeTOoB, a
nrowaab Tpaneunmn paBHa NpomMs3BeaEHNIO
d NoNyCyMMbl napasnsienbHbIX OCHOBaHUM Ha
BbICOTY.

%) Cl Tenepb, 4YTOObI JOKa3aTb TEeOopEMY,
OOCTAaTO4YHO TOJIbKO BbIpa3nTb rnrioLlanab
Tpaneunn AsymMmda nyTaMun.

Stpaneunn=0,5(a+b)?
Stpaneunn=0,5ab+0,5ab+0,5¢?
[MprpaBHUBas npaBble YacTu, NONYy4nUM:
a2+b2=c?

Teopema gokasaHa.
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B npsimoy BEOKASBTRALGTBROGHIQREBRAHH 08 HA-TeARVMM ROABVED: toma

TpeyronbHUK pa306béTCF| Ha ABa TpeyrosibH1Ka, TakkKe ABJIALLNXCA NPAMOYTroJibHbIMI.

Mony4yeHHble TpeyronbHMKKN ByayT No4oOHbI ApYr APYrY U UCXOOHOMY TPEYrofibHUKY. OTO Nerko
AoKasaTb, NOMb3ysCb NEPBbIM NPU3HAKOM NOA0OUS NPSAMOYrOSbHbIX TPEYrofIbHUKOB
(mo ocTtpomy yrny).

C

N3 nponopLUnoHansHOCTU CTOPOH NOAOOHbIX
TPEeyronbHNKOB CneayoT BEPHbIE paBEeHCTBA: b

AC*AC=AB*AD; BC*BC=AB*BD;

CknagbiBasi 3T ABa BEPHbIX PaBEHCTBA,
M nony4um, 4To c*=a*+b%.  Teopema gokasaHa. C D

U TyT 1 noaymana: a BeAb Ha 3aHATUAX MaTeMaTUYeCKOro KpyxkKa Mbl Usyyanu v gpyrue
3apa4um no Teopumn nopobus. Henb3A N UX NPUMEHUTB K flOKa3aTeNbCTBY TEOpPEeMbI
NMudparopa?
U nonyuunnocsb!

HNaBante BMecTe C BaMu npoyntaemMm ofiHy ManeHbKY reoMeTpU4eCcKyro CKa3Ky.

‘ _ __db
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ManeHbKass — ManeHbKasi cKka3ka,

20e asmop rpoexkma rnpusodum ceou 0oKazamesib.cmea
meopemsbli lNMughazopa

Knn-6bin Ha ceeTe NMpamoyronbHbin TpeyronbHuk ABC. XKun, H1 0 4éM He nevanuncsa. W sapyr
ofHaxabl Y3HAET, YTO B ero BnageHusx HaspesaeT 6onbLION ckaHaar, O KOTopoMm, He fau bor,
y3HaeT BCE 4ernoBeyecTBo.

[erno B TOM, 4YTO ABe ero CTOPOHbI KaTeTbl @ U b pewwnnun, 4To OHM BMecTe rnaBHee [MnoTeHy3bl:
BeAb CyMMa UX AfnH 6ornblie annHbl TMNoTeHy3bl, Tak , TeM 6onee, cymma KBagpaToB KaTeToB
bonble kBagpaTa AnnHbl [TMNoTeHy3b!

«TyT n gokasblBaTb HeYyero!» - BbICOKOMEPHO TBEpAUn bpaTbsi.

MnoTeHy3a ¢ 6binia CNoKoNHas, ypaBHOBELLEHHAs! U MO3TOMY OYEHb Oropymnsiacb TeM, 4YTO
npoucxoauT B Ayliax e€ bpatbes KatetoB a n b. OHa Bcerga ux cesasbiBana v 6binia onopon ons nx
noma - lNpamoyronsHoro TpeyronsHuka ABC.

Hago nokasatb 6paTbsiM, YTO OHa He TONbKO CBA3LIBAET UX, HO M Nowaab KBagpaTa, NOCTPOEHHOro
Ha rMnoTeHy3e, BOBCE HE MeHbLLE, a paBHa CyMMe NnnoLlagen KsagpaToB, MNOCTPOEHHbIX Ha KaTeTax.
«Ho meHs oHn He cnywatoT! MNongy Hanay Jobporo Yenoseka, KOTOPbIN Obl AOKa3an UM 31O, »-
pewwnna 'vnoteHysa. A ganeko natm n He npuwnock. Cocem psaom - nuuen Ne1571, a B HEM

yuntca KypmaHoBa CBeTa, kOTopasi 4aBHO 3aHMMAaETCA 3Ton npobrnemon.

Y __
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B NpoBezaad okpy>XHOCTb C LIEHTPOM B TOYKe A 1 paanycoMm C.

B Teopunn nogobus
OoKasblBarocb, YTO ecnv Ase
xopAabl okpyxxHocT MN n BD
nepecekatTca B Touke C, 1O
BC-CD=MC -CN
aa =(c-Db) (ctb)

R
c’ = a® + b?

Teopema gokasaHa.
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[MpoBenEM OKPYXKHOCTbL C LIEeHTPOM B TOYKe A 1 pagmycom b.

N3 Teopumn nogobust NI3BBECTHO, YTO
ecnn 4yepes TouKy B, nexaluyto BHe
OKPY>XHOCTW, MPOBECTU KacaTesibHYo
BC (C — Touka KacaHusl) 1 CekyLLyto,
nepecekaroLLyo OKPYXXHOCTb B TOYKaX
MwuN, 10

BC? = BM-BN
a’ = (c + b)(c-b)
2 o2
c’ = a’+Db?

Teopema gokasaHa.



[MnoTeHy3e noHpaBunocb, Kak CBeTa
KpaTKo, YETKO, ACHO AoKasana ,opaTbsm
KaTeTam Teopemy [lludparopa, ga Takmmm
cnocobamu, KOTopbIX HET B y4eOHUKe.
«On, kakasa 1ol monogeu! Cnacmnbo, 4to
nomMupuna Hacy,- ckasana [lmnoTtenysa.
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BpaTbeB Tak odapoBana BonwebHasd
Teopema, YTo OHU cripocunin CBeTy, OTKyda eu
9TO M3BECTHO. «B Mupe yxe nssectHo bonee
500 pasnnyHbIX goKasaTenbCTB TEOPEMDI
[Mndparopa, HO Marus eé cTosib Benuka, 4Yto
BCerga Haxogsarcs nobutenn matemaTuku,
NpoaosKaloLne nonucK BCE HOBbIX
AokasaTtenbCcTB. S odeHb paga, YTo Bbl
NOMUPUNUCL, U MO TAaKOMY CIlydar0 paccKaxy
BaM UCTOPUIO STOU BENUKOU TEOPEMBI. .. »

'y




