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x(t) = lfRe..?{(m) cos(wt) - ImX(w)sin(wt) dw
T

N2 _ N2 _
xfi] = ReX[k] cos(2nki/N) + Y ImX[k] sin(2nki/N)
k=0 k=0
y-1 ReX(w) = x(t) cos(wt) dt
ReXTH] - Z“* 1 cos2rki/N) eX(w) _fr( ) cos(wt)
N-1 » o _ o
mX[k] = - Y x[i] sin@nki/N)  ImX(w) = - f x(7) sm(wt) dt
i=0 Jes
N 1 fil N-1
X(k) = 2 X(n)e—]27mk/N zx(n) COS(ZTan/N)-—]Sln(ZTEnk/N)]
n 0 n 0

N-1 N-1
Xin)= Z X(k)e]%mk/N EX(k) cos(27tnk/N)+]sm(Znnk/N)]

k=0 k=0



Dypre

+ o2
EQUATION 10-1 ReX(w) = x[n] cos(wn
The DTFT analysis equation. In this ( ) . Z; [ ] ( )
relation. x[n] 1s the time domain signal
with # running from 0 to ¥-1. The s
frequency spectrum is held in: Re X(w) g 3 b o
and Jm X(w), with w taking on values ImX ((-')) - Z X [”] 5111((‘)”)
n=-o=
s ReX [k
Rexip] = ReXlel
N/2 1"
x|[n] = — f eX(w) cos(wn) - ImX(w) sm(wn) dw
= mX [k T
mX[k] = - InX k] 0
NI2
'V-l n Ti? _)]Tr
except for two special cases: o T o o = 2 [0 Os[ﬁ ’ n) i
Al ReX [0] ReXk] = Y x[i] cos(2nki/N) T Tf T
2 (" : e
Rex[o] = fedl =6
N
N-1 Il

i=

7 [N/ I = —= [ x(f) s m ‘
ReX V2] - Re‘XA[[]\/./Z] InX[k] - ZY sin(2mki/N) B = 5 ‘(”5‘“( T)(“



THE DISCRETE FOURIER TRANSFORM (DFT)

B A Periodic Signal Can be Decomposed into the Sum of Properly
Chosen Cosine and Sine Waves (Jean Baptiste Joseph Fourier,
1807)

B The DFT Operates on a Finite Number (N) of Digitized Time
Samples, x(n). When These Samples are Repeated and Placed
“End-to-End”, they Appear Periodic to the Transform.

B The Complex DFT Qutput Spectrum X(k) is the Result of
Correlating the Input Samples with sine and cosine Basis

Functions:
lN_1 —j2mnk _ 1 N1 | 21 nk 2T n
Xkl="N X x(n)e N =7 x(n)|cos —f— — jsin—
n=>0 n=0




CORRELATION OF TIME SAMPLES WITH

BASIS FUNCTIONS USING THE DFT FORN =38

TIME DOMAIN _— BASIS FUNCTIONS
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APPLICATIONS OF THE DISCRETE
FOURIER TRANSFORM (DFT)

Sampled
Time Domain

Discrete Fourier Transform (DFT)
P

<

Inverse DFT (IDFT)

B Digital Spectral Analysis
¢ Spectrum Analyzers
¢ Speech Processing
¢ Imaging
¢ Pattern Recognition

M Filter Design
¢ Calculating Impulse Response from Frequency Response
¢ Calculating Frequency Response from Impulse Response

Sampled
Frequency Domain

B The Fast Fourier Transform (FFT) is Simply an Algorithm
for Efficiently Calculating the DFT




FOURIER TRANSFORM FAMILY
AS A FUNCTION OF TIME DOMAIN SIGNAL TYPE

FOURIER TRANSFORM:
Signal is Continuous
and Aperiodic

FOURIER SERIES:
Signal is Continuous
and Periodic

DISCRETE TIME FOURIER SERIES: e )

Signal is Sampled

and Aperiodic ¢ .
-8-90-0-9-0-0--0-9 \ ,‘ . 9o-0-9-0-9-90-0-9--

DISCRETE FOURIER TRANSFORM: bl

(Discrete Fourier Series) ¢-w v " ')

Signal is Sampled \ N Mg R

and Periodic « . « . .
-——9 \ 'd -9 \ ,d o9 \ " » -

- 4 .’ 4 e’

Sample 0 Sample N -1



Frequency Domain ¢ «

1N-1 —j21tnk
X(kl=5 X x(nje N
N n=0( )
-i2n
Wy=e :

DFT — < Time Domain

N-1

1“ ) x(n)[cos annk ~ j sin annk]
n=0
N-1 "

N 2 XMW\ o< k< N-1

n=>0

Time Domain <« INVERSE DFT « « Frequency Domain

N -1 j2nnk
X(n)= X X(k)e N
k=0

=1 21 nk 21 nk
¥ X(k)[cosnTn + jsinn—Nn]
k=0
N-1
Y XkWy™  0<n<N-1
k=0



Time Domain, x(n)

Frequency Domain, X(Kk)

REAL DFT DC Offset
Real Real { }«
// // // 27 _
0 N/2 N-1 0 N2 = f./2 N Points
N Point + Two Zero
oINts -
08 11 N4 Zero \ — ’/ zero Points
MRS 0< k< NI2
0 N/2
COMPLEX DFT f
Real Real *IWS}«
7
- ' /// //// //
0 N/2 N-1 0 N/2 N-1
2N Points 7ero Zero 2N Points
Imaginary \4 Imaginary /
\\\\\\\\\\
0 N/2 N-1 0 N/2 N-1
0< n<N-1 0< k<N-1



CONSTRUCTING THE COMPLEX DFT NEGATIVE
FREQUENCY COMPONENTS FROM THE REAL DFT

Time Domain

Real Part
0 N/2 N-1
Imaginary Part
(All Zeros)
———e *—o & o 9
0 N/2 N-1

Frequency Domain

Real Part Even
E Symmetry
I ; About N/2
SRR

0 N/2 N-1

E “Negative” Frequency

---------

Imaginaryi Part Odd

l Symmetry

T T ’ : n_q About N/2
. r (f/2)

0 N!le l l

AXis of
Symmetry



COMPLEX AND REAL DFT EQUATIONS

COMPLEX TRANSFORM
N -1 -j21tnk
1
XK=y L xme N
n=0
N - 1 J2nnk

xn= X Xkje N
k=0

REAL TRANSFORM
N-1

ReX(k)=% Y. X(n) cos(2rnk/N)
n=0

5 N-1
Y. X(n) sin(2rnk/N)
n=0

ImX(k) = N
N/2
x(n) = Y. [ReX(k) cos(2rnk/N)
k=0

- ImX(k) cos(2nnklN)j

Time Domain: x(n) is complex, discrete,
and periodic. n runs from 0 to N- 1

Time Domain: x(n) is real, discrete, and periodic.
nruns from0OtoN-1



X(k) =1ﬁn)=:ox(n) e N

N-1

THE 8-POINT DFT (N =8)

1 -j2r
x(n) Wy Wy=e N

—j2mnk N

Z|=

n

n=0

X(0)= |  x(O)Wg® +x(1)Wg® +x(2Wg0 + x(3)Wy" + x(4)Wg0 + x(5)W,g0 + x(B)Wg® + x(7)W,°

X(1)= | x(O)Wg? +x()Wg! +x(2Wg2 +x(3)Wg> + x(4)Wg? + x(5)Wg5 + x(B)W,g® + x(7)W,’

X(2)=| x(0)Wg% +x(1)Wg? + x(2)Wg* +x(3)W,8 + x(4)WgB + x(5)W 10+ x(6)Wg 2+ x(7)W 14
X(3)=| x(0)Wg¥ +x(1)Wg3 +x(2)Wg® +x(3)W,° + x(4)WyT2+ x(5)W1° + x(6)Wg 18+ x(7)W,21
X@)= | x(0)Wg0  +x(1)Wg* +x(2)Wg8 + x(3)Wg'2+ x(4)Wy "8 + x(5)W420 + x(6)Wg24+ x(7)W28
X(5) = X(0)Wg0  +x(1)Wg5 + x(2)W 10+ x(3)W, 15 + x(4)W20 + x(5)Wg25 + x(6)Wg30 + x(7)W,35
X(6)= | x(0)Wg0 +x(1)Wg8 + x(2)Wg12+ x(3)Wy 18+ x(4)Wg24+ x(5) W30 + x(6)Wg36 + x(7) W22
X(7)= | x(0)Wg?  +x(1)Wg7 +x(2)Wg14+ x(3)Wg21 + x(4)Wg28 + x(5)Wg3% + x(6)W,y*2 + x(7)W4*®

N2 Complex Multiplications

1 ) .
N Scaling Factor Omitted



Symmetry:

APPLYING THE PROPERTIES OF
SYMMETRY AND PERIODICITY TO W, FOR N=38

wy N2 = _w ", Periodicity: wy N
W84 — W80+4 — — WBO = 1
WS = Wyttt = —wy!

W86 — W82+4 — — W82
W87 — W83+4 — — W83
WBB - W80+8 - + WBO = + 1
W89 — W81 +8 = + W81
W10 = W 2+8 =  + W2
W'l = Wg3*8 = + w3
O O O
O o @
O O O

wy'



THE FAST FOURIER TRANSFORM (FFT) VS.
THE DISCRETE FOURIER TRANSFORM (DFT)

B The FFT is Simply an Algorithm for Efficiently Calculating the DFT
B Computational Efficiency of an N-Point FFT:

¢ DFT: N2 Complex Multiplications

¢ FFT: (N/2) log,(N) Complex Multiplications

N DFT Multiplications |[FFT Multiplications | FFT Efficiency

256 65,536 1,024 64 :1
912 262,144 2,304 114 : 1
1,024 1,048,576 9,120 205:1
2,048 4,194,304 11,264 372 :1

4,096 16,777,216 24,576 683 : 1




THE BASIC BUTTERFLY COMPUTATION IN

THE DECIMATION-IN-TIME FFT ALGORITHM THE DECIMATION-IN-FREQUENCY FFT ALGORITHN

0 A=at+ bWNr
O B=a- bWNr
SIMPLIFIED REPRESENTATION
a0 > 0 A=g+ waf
b 0 W>Nr »

O B=a-bWy

THE BASIC BUTTERFLY COMPUTATION IN

a0
b 0
SIMPLIFIED REPRESENTATION
a0 > O A=at+h
WNr
b O > 0 B=(a-)W



RADIX-4 FFT DECIMATION-IN-TIME BUTTERFLY




COMPUTATION OF AN 8-POINT DFT IN THREE STAGES
USING DECIMATION-IN-TIME

x(0) o———

X(4) ©——

2-POINT
DFT

X(2) o——

x(6) o——

2-POINT
DFT

COMBINE

2-POINT
DFTs

x(1) o———

x(5)o——

2-POINT
DFT

x(3)o———

x(7) o———

2-POINT
DFT

COMBINE
2-POINT
DFTs

COMBINE
4-POINT
DFTs

X(0)

X(1)

X(2)

X(3)

X(4)

X(5)

X(6)

X(7)



EIGHT-POINT DECIMATION-IN-TIME FFT ALGORITHM

STAGE 1 STAGE 2 STAGE 3

x(0) o > > > > o X(0)
X(4) 8 > > > \\\r‘//l ) X(1)
> o X(2)

x(2) ©

W
X(6) c >

X(3)

e XK

>

> >

-1 -1
x(1) © > » > > » - o X(4)
N XA }8 o

> > -

-1

| -1
T . //\X
x(3) © vl’f‘ We / ¢ ' o X(6)
0 2 3
x(7) © LA | We W -/ > \\ o X(7)

-1

\ Bit-Reversed

Inputs

N N Complex
2 '992 Multiplications



COMPUTATION OF AN 8-POINT DFT IN THREE STAGES
USING DECIMATION-IN-FREQUENCY

x(0) o———

x(1) 0——

X(2)o—

X(3)o—

X(4) 0——

X(5) o———

X(6) o—

x(7) o——

REDUCE
TO 4-POINT
DFTs

REDUCE
TO 2-POINT
DFTs

2-POINT
DFT

2-POINT
DFT

REDUCE
TO 2-POINT
DFTs

2-POINT
DFT

2-POINT
DFT

X(0)

X(4)

X(2)

X(6)

X(1)

X(9)

X(3)

X(7)



EIGHT-POINT DECIMATION-IN-FREQUENCY

FFT ALGORITHM
STAGE 1 STAGE 2 STAGE 3
x(0) © \ > /- > v > > o X(0)
x(1) o \\)/ / > >O>§ > >¥1<_>W8 o X(4)
x(2) o W & 1 VXS :>< o X(2)
2 0
x(3) o > > A‘ v¥8 ;e W o X(6)
x(4) © > > — > > > o X(1)
x(5) © S S > > X(5)
LN we | XK
NEVALNMTIIZA U=
3 2 0
x(7) © / > \ b /»1\\ Vs > Yo o x)

Bit-Reversed /

Outputs



RADIX-2 COMPLEX FFT
HARDWARE BENCHMARK COMPARISONS

B ADSP-2189M, 16-bit, Fixed-Point @ 75MHz
¢ 453ps (1024-Point)

B ADSP-21160 SHARC™, 32-bit, Floating-Point @ 100MHz
¢ 180us (1024-Point), 2 channels, SIMD Mode
¢ 115us (1024-Point), 1 channel, SIMD Mode

B ADSP-TS001 TigerSHARC™ @ 150MHz,
¢ 16-bit, Fixed-Point Mode
o 7.3Us (256-Point FFT)
¢ 32-bit, Floating-Point Mode
e 69us (1024-Point)



REAL-TIME FFT PROCESSING EXAMPLE

B Assume 69us Execution Time for Radix-2, 1024-point FFT
(TigerSHARC, 32-bit Mode)

1024 Samples
69s

= 14.8MSPS

B f; (maximum) <
B Therefore Input Signal Bandwidth < 7.4MHz

B This Assumes No Additional FFT Overhead and
No Input/Output Data Transfer Limitations



REAL TIME FFT CONSIDERATIONS

Signal Bandwidth

Sampling Frequency, f

Number of Points in FFT, N

Frequency Resolution =f_ /N

Maximum Time to Calculate N-Point FFT = N/ fg
Fixed-Point vs. Floating Point DSP

Radix-2 vs. Radix-4 Execution Time

FFT Processing Gain =10 log (N / 2)

Windowing Requirements



SIGNAL
LEVEL
(dB)

FFT PROCESSING GAIN

NEGLECTING ROUND OFF ERROR

------------------- T Fullscale RMS Signal Level
SNR
------------------- X RMS Noise Level (DC to f / 2)

10 Iogw[%]

27dB for N =1024
30dB for N = 2048
33dB for N = 4096

FFT
Noise Floor

> f



FFT OF SINEWAVE HAVING INTEGRAL
NUMBER OF CYCLES IN DATA WINDOW

|
|
N-1| 0 N-1| 0 N-1
Periodic >le pata >l Perloqlc
Extension Window Extension
* fin
fin _Nc N = Record Length
f. N

Nc = Number of Cycles
in Data Window




FFT OF SINEWAVE HAVING NON-INTEGRAL
NUMBER OF CYCLES IN DATA WINDOW

N-1| 0 N-1
Perioc!ic >le I?ata ple Periodic
Extension Window

Extension

""" in
fin ;&Nc /\ N = Record Length

Number of Cycles
in Data Window

" "~._ 6dB/OCT




WINDOWING TO REDUCE SPECTRAL LEAKAGE

e WA AAAAAA
T ATV

Function _ | |
w(n)
- -

Windowed

i t Dat
v | ANNAA A
\/\/ \/ e

Window



SOME POPULAR WINDOW FUNCTIONS

N

Hamming: w(n)= 0.54 -0.46 cos 2“—”:|

Blackman: w(n)= 042 - 0.5cos E—ﬁﬂ +0.03 cos Eﬁﬂ

Hanning: win)= 0.5 - 0.5cos 2n_ri|

N
Minimum L
4-Term w(n) = 0.35875 - 0.48829 cos |<%N
Blackman | N _
Harris Ty
+ 0.14128 cos 4’,&—"
0<n<N-1 — 0.01168 cos "';’rfl—"




RECTANGULAR

=]

0

d

—40-

fs

FREQUENCY RESPONSE OF RECTANGULAR,
HAMMING, AND BLACKMAN WINDOWS FOR N = 256
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=
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BIN WIDTH

FREQUENCY BINS
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POPULAR WINDOWS AND FIGURES OF MERIT

WINDOW 3dB BW 6dB BW HIGHEST SIDELOBE
FUNCTION (Bins) (Bins) SIDELOBE ROLLOFF
(dB) (dB/Octave)
Rectangle 0.89 1.21 -12 6
Hamming 1.3 1.81 - 43 6
Blackman 1.68 2.35 -958 18
Hanning 1.44 2.00 -32 18
Minimum 1.90 2.72 -92 6
4-Term
Blackman-

Harris
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TABLE 5.1. Radial Fourier Transforms of Elementary Signals

Signal Expression Radial Fourier Transform
fit) F(o) = | (e de
Square pulse: u(t + a) — u(t — a) 2(1[5“](,(;?(”} = 2asinc(ma)
Decaying exponential: e ulr), a>0 | :

o+ 0

2
-

. -
(Gaussian: e . o>0 —
n 4o
/—e
vl
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Dypbe

|

Voo
10 10 |
—2x10 “1x107" 4

/

-0.00001 —5x107° 5%107%  0.00001

(b) f(w)

2f10711} \ F(®)

—
o
X
—h
o
2N
.

PN T T TN T T N YT T T T T T T T ST B WY

= 8 )
-1.5x10% —1x10° —0.5x10° 5x105 1x10% 1.5x10° F( (0)

Fig. 5.7. (a) Gaussian pulses in the time domain, for ¢ = 10" and & = 11! (solid lines).
(b) Corresponding Fourier transforms.

(0]

/
\ [ 1x10%° 2x10'°

W

Fig. 5.5. The spectrum for a 1-ns rectangular pulse (solid line). and a 2-ns pulse. Note the
inverse relationship between pulse width in time and the spread of the frequency spectrum.

(=] ~

[ e [cos(of) —jsin(of)] dr.

—_—0
2o 2 _(_')-
. o 4
J e cos(mr)dt = X :
o
—_00
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1.5 T T | T | |
| | | | | |
| | I | I I
s I I I i | I
FIGURE 18-3 = ! ! ! ! ! !
Execution times for FFT convolution. FFT & | | | | | |
convolution i1s faster than the standard - - E :L 1: ____.:L___ i i
c = L
method when the filter kernel 1s longer than E } } ! | : ' /
about 60 points. These execution times are o ' | ' { I
for a .1 00 MHZ Pe.:ntmm, using single o Standard
precision floating point. =
.= 0.54— S
5 /
? / FET
h - _Z
—
60 f o . = =g : :
8 16 32 64 128 256 512 1024
/ Impulse Response Length

A AL 1L I AT2
. ), ExecutionTime = kN

Error (parts per million)

q| '
correlation |

FFT | | _
—=t————r  ErecutionTime = kN log,N
Number of points in DFT il




Execution fime (seconds)
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8 16 32 64 128 256 512 1024 2048 4096
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)(nr-th’]o

€lm, p|

Yo | —

A;”[P]

Xm [q ]

e[m, q]

Figure 9.36  Butterfly showing scaling
multipliers and associated fixed- point

round-off noise,

“Ym [‘}' ]

x[0]

Wy=1

x[4] T
Wy = Wh2= _1

Figure 9.6 Flow graph of a 2-point
DFT.
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x[0] o> N
x[0] o—— — —pomt
) T
x[2] o—~ .
%—point
., DFT x2jo—
x[4] o> j—point
. DFT
x[6] o—>— x[6]o—>—
x[1] o—— x[lJo>—
i—point
x[3] o—— >0 X3 (& DFT
%’  point :y % ¥[5]o>—
x[5jo—>—  DFT >0 X [6] T
H] wh Bl 1
e[7] 0——] -0 X[7] i
H[3) Wl w1 DI — >~ X[1]
Wy Wy

Figure 9.3 Flow graph of the
decimation-in-time decomposition of an _ o
N-point DFT computation into two Figure 9.5 Result of substituting the

Exﬁ)ép)oint DFT computations structure of Figure 9.4 into Figure 9.3.
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——0 X[0]

! ——0 X2

%—pmm g

DEE o)

——o X[6]

o X1

N ——0 X[3]
5 - point

S pae2 (8

——0 X|[7]

Figure 9.17  Flow graph of
decimation-in-frequency decomposition
of an N-point DFT computation into two
(N /2)-point DFT computations

(N =8).

ﬁ,—point
4
DFT

N

— —point
1 [

DET

L point
. ,
DFT

Figure 9.18  Flow graph of

decimation-in-frequency decomposition
of an 8-point DFT into four 2-point DFT
computations.

N

— - point

DFT




Anroputm | epueis

Figure 9.2 Flow graph of second-
order recursive computation of X [k]
(Goertzel algorithm).



TABLE 5.2. Summary of Radial Fourier Transform Properties

Signal Expression

Radial Fourier Transtorm or Property

N3]

S = | F( (-))ei(')!cfco

8

—

afpry + bg(r)
S — )

FUrex (06

Sty co == 0O

F(—1)

(.“f” )‘_‘( ) ‘
d’_ffl

C D"

[ X el

[[x]] 2=
- 27T
f 8y = 5=(F. @) fg= 2R

= h. where f. h « L2([R)

FUEYa()

M(w) = [ e

—me

—f
7 't

CAnalysis equation)

F{wD)

(Inverse. synthesis equaticon)

AF{(w)y + HGw)

(Lincarity )

e e oy

{Time shift)

i — 6

{Frequency shift. modulation)

|| a
{Scaling. dilation)
F{(—n)
{Time reversal)
o) Flm)
{Time differentiation)

o 1

i
d D
(Freguency differentiation)

F{aa)

Plancherel ’s theorem

Parseval’s theorem
F{onH(w)

(27T }""F('(,o) = FH(0)




Periodic Sequence (Period N)

DES Coefficients (Period N)

('S

T

N

x[n]

x1[n], %2[n]
aki[n] + biy[n]
X{n]

X[n—m]

Wy %[n]

N-1

Z ¥ m]¥;[n —m]  (periodic convolution)
m=(

x1[n]x2[n]

X*[n]

X[k] periodic with period N

Xi[k], X2[K] periodic with period N
aX1[k] + bX[k]

Nx[-k]

Wim XK

X[k -]

X, [k]X,[k]

N

-j—i{- Z Xi[€] X[k = €] (periodic convolution)
(=0

XK

(continued)



10, ¥*[-n] X¥[k

11. Refi[n]) X[K] = $(X[k] + X*[-K))
12, jTmx[n]) X,k = 3(X[K] - X*[-K]
13, %fn] = 5(¥[n] +¥*[-n]) Re(X[k])

14, %[n] = 3(¥[n] = ¥*[-n]) i Tm{X[K]

Properties 15-17 apply only when x[n] is real.

XK= XK

Rf{X K]} = Re{X[-k])
15, Symmetry properties for ¥[n] real. ¢ Jm{X k]} = —Jm{X [—k]}
X[ = [ X[-A]
: AX[K] = -<X[-K]
16 %[n] = 5(¥[n] +¥[-n)) Re{X[K]}

17, Xoln] = 3(x[n] - ¥[-n)) i Tm{X[k]



Finite-Length Sequence (Length V)

N-point DFT (Length N)

Mol B R

o)

8.

0.
10.
11.
12.
13.
14.

Properties 15—17 apply only when x[s] is real.

15.

16.
17.

x[rn]

x1[rn], x2[x]
axi[n] 4+ bxz[n]
X[r]

x[((r — m)) N
Wi x[r]

N-1

> 1O [(Gr — r))N]

=0
x1 [r2]x2 [#2]

x*[#]

x*[((—n)) ]

Relx[n])

J T mm{x[rn]}

xeplrr] = Lixlr] + x*[((—r)) N ]}
Xapln] = %—{-—Y["] — x*[((—n)) v]}

Symmecetry propcertics

xeplrr] = Six[n] + x[((—2)) v]}
Xop [72] = %{x[n] — x[((—r)) ]}

XTk]
X1[k], X2[k]
aX1[k] + bX2[ k]
Nx[((—&))nN]
W™ X [K]

X[((k — €))~N]

X [K] X2[k]

N—1
=" xiOX [k £)w]

=0
X*[((—K))N]
X[K]
Xep[k] = L{XI((R)IN] + X*[((C—KDw]
Xop[k] = FH{X[((A)N] — X*[((—K)N]}
Re{ X K]}

J T m{ X [K]}
X[k] = X*[((—K))nN]
Re{X[k]} = Re{X[((—Kk))N]}
Tm{ X[Kk]} = —Tm{X[((—k)N]}
| X&)l = | XT((—=&))w]I
<{ X |k} = —<{X]((—K))n~]}
Rel X [K]}
JIm{ X [A]}




TARBLE 10.2. Short-Time Fourier Transform Window Functions®

Name Definition
Rectangle w(t) = { b it ([ff < a)
0 otherwise.
b .
(—11‘+b if —a<r< 0.
Bartlett (triangle) w(t) = 3 5 B
—r+ b if 0<t< a.
[
0 otherwise.
2( Tt -
5 . s bcos“(—) if |fl = a
Hanning (von Hann) WwWU(r) = - 2a I
0 otherwise.

0.54b + O.46hcas(n—r) if |7 < a

Hamming w(z) = - a
O otherwise.
2
o 042b + ().Sbcos(“—’) +().()8hcos(“—m) if | <a
Blackman w(t) = a e

O otherwise.

A djust parameter a > O for a window width appropirate to the signal features of interest, Adjust para-
meter » > 0 in order to normalize the window function.



TABLE 9.2. Window Functions for N > 0 Samples”

Name Definition
- N-1
. 1| <
Rectangular w(n) = 1 : if |n| < 2)
0 otherwise
' oAl o
Bartlett (triangular) wn)= 11— 2|n| if |n| < Ne1
N -1 2
: YTy
Hann win) = 1[1 — COS “n”} if |n| < i)
2 N-1 2
Hamming w(n) = 0.54 — 0.46cos =11 if |n| su
N -1 2
e Ry 2Ttn 4mnn — 1
Blackman w(n) = 042 +0.5cos + 0.08 cos f |n| € ——
f - - e
2n \?
Kaiser [O(a\/' _(N— 1) ] N1
w(n) = if |n| < —

IO(oc) 2




dopma 1 JUIMHHA BPEMEHHOIO OKHA

Y1717 Az
hli] = K , [0.42 _ 05cos] 2] 4 0.08cos| 2T ]
i-M/2 M M

EQUATION 16-3

Filter length vs. roll-off. The length of the 4
filter kernel, M. determines the transition Mt
bandwidth of the filter. B/, This 1s only an BW

approximation since roll-off depends on the
particular window being used.



TABLE 3.1 SOME COMMON z-TRANSFORM PAIRS

Sequence Transform ROC
1. S|r] 1 All z
1
2. ulr| A—— Iz] > 1
3. —r[—rn — 1] 7 — Iz] =<1
- &
4. S|l — m) R All z except O (if »1 = 0)
or oo (if mr < 0)
5 1
5. aul[n) = Izl = |a|
1l —az
; _ 1
6. —a"u[—n — 1] T Izl < |a|
1 —az
az ]
7. nau|n] I Iy |z] = |al
— az =
az 1
8 —na”u[—rn — 1] a )z 1z] < |a|
1 — |cosawg]z ™t
9. [cos wqgr|u|r] I oz = Iz| = 1
1 — [2Zcoswnlz—1 4+ z2—2
T =
) , sin g |2
10, [sin wor|w|r] - [ o] : - lz] = 1
1 —|2coscg|z—t + 2=
1 — [r coscwglz—?
11. [r" cos wort|u[r] - [ricoss 01] — I1z] = r
1 — [2r coswolz=' +r<z—=
r 1o—1
_ . Fsincogplz
12. [r" sin wor]u|r] | 0] — Izl = r
1 — [27r cos wplz™! 4 r2z—2

a”, 0=n< N—1, Y =N g
0, otherwise 1 —az—1




TABILE 8.1. Signals. Their z-Transforms. and the Region of
Convergence of the z-Transform

x(r) X(z) ROC y
d(n — k) 7k k>0:{ze Ctz20)
k<0:{ze Ct:z%# oo}
aluin) zHz — a) (ze C:|q| <|z|}
—a'u(—n—1) Zi(z — a) {ze C:|z <|a|}
—#, . . ] B i

a "u(—n) — lze L :| s |a !
(1—az)

—a Mu(n—1) b (ze CT: z| > |.:1|'—l )
(1—ag)

nalu(n) azf/(z¢— 2az + a?) (ze CV:|a| <|z|)

—na”u(—n — 1) azl(z2— 2az + a?) (ze C: | <|qa]|}

> o
' : Z- —cos(a)z
cos{an)u(n) — (1)

fze G <|:'I]
z- —2cos(a)z+1

o sin(a)z e
sin(am)u(n) - (ze C:1<|z])
z- —2cos(a)z +1
() (nl) exp(z) (ze C}
n Lun—1)—1 )”J’la” log(l + az 1 ze C*:al <|4}




TABLE 9.3, Summary ol Laplace Transform Properties

Signal Expression  Laplace Transform or Property

o0

x(1) X;(s) = | x(t)e - !df

o

) =ax(t) + by(t)  aXj(®) + bY;(m)
(Linearity, ROCy M ROCy € ROC7)
¥(1) = x(t — a) eX1(s)
(Time shift, ROCy = ROCy)
vy =x(hexplar)  Xp(s—a)
(Frequency shift. modulation, ROCy={s:s—a€ ROCy})

| e
v =xtah.az0  —XL L(i)

g Ma

(Scaling. dilation, ROCy = {s: s/fa € ROCy})
y(5) = (x* h)(1) F(S)H(s)

(Convolution, ROCx M ROCy C ROCy)




[IpeoOpa3zoBanue I mipoepra

xX4(1) = x(1) +j.x‘H(r).

if k=0, A(1) = [iq0) SO0
y \
if 1<k<-, L
) ..\H(r)
] BAR =t [ (r)]
X
it k=N, . .
I\[ xy (D] = 0 + x50

f =<keN-1. y
/ w(r) = ;i?$(r},
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Z —" _”:_Z

Y= Y ymz "=
il = —co

l=—oc2
L
4
= — a — :
I_EI = {1
)
“+co

X(2)=

Z h(in)z7 "

fl=—ow2

H(z)=

>, x(m)z™" =

iz

X@@= Y xmz"

n n
n=1 In=0 »
“+co
X*(@= Y x(mz™",
n=0
s - n
e a ] Z
Z (1";’ n_ Z L] [ e ’
- a s
n=0 n=0\ < l——7 i—d
+2
—_ ¥ ' o
Z z il :;,..n+2n +1+7 n+: 2n
n=-2



Unit circle

z-plane

x[n]
--N] IVQ-"II
(a)
rforr>1
n
(b)
F=odor0:rid
n
(c)

Figure 3.8 Finite-length sequence and
weighting sequences implicit in
convergence of the z-transform.

(a) The finite-length sequence x[n].

(b) Weighting sequence r—"for 1 < r.
(c) Weighting sequence r=" for
O<r<1.

Im  z-plane Im  z-plane

Re

(a) (b)

$m  z-plane

(©]
Figure 3.5 Pole—zero plot and region of convergence for the individual terms
and the sum of terms in Examples 3.3 and 34. (a) 1/(1 — $z7"), 12| > §.
(0)1/01+ 327, 121> §.(0) 1/(1 = gz~ + 1/(1 + 527"), 121 > 4.




TABLE 9.7. Some Analog Hilbert Transform Properties

Signal Expression Hilbert Transform or Property

lPV [ 2 Ay = (#Hx)(1)
T A )

(Analysis equation)

\'(f) .-\‘H(t) =

xH (1) (Hxpg)(t) = —x

(Inverse. synthesis equation)
ax(t) + by(r) axg (1) + byg (1)

(Linearity)
dx/dt dxpy/dt

(Derivative)

{ x, ""H> = i xX(Dxgy(t) dt = 0 xe LAR) Orthogonality

—0

2. .
||.\‘||2: ”"\'H”z xe LY(R) Energy conservation

-~

The inverse DTFT computation gives

[ T - ) 9 - . s 0 if n is even.

h(n) = — | H(co)e’ do = =L | ¢ a'(x)+—-L|€, do =< 5
27 ¢ 2% 2T —_— if 71 1s odd.

—TC -7 0 T

(9.176)
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Figure 11.5 Impulse response of an
ideal Hilbert transformer or 90-degree
phase shifter.



x,|n]

.

Hilbert
transtormer X, [ n]

Figure 11.6 Block diagram
representation of the creation of a

complex sequence whose Fourier
transform Is one sided.

Complex
signal

x(n]



COS @, M

x|n|

Hilbert
transformer
X;

Figure 11.11 Block diagram representation of Eqs. (11.76a) and (11.77a) for

obtaining a single-sideband signal.

X ln

Hilbert
(ransformer

(b)

Sin @ .1

COS @ N

il



TABLE 11.1. Wavelet Transform Properties”

Signal Expression

‘avelet Transform or Property

. | (t-b
Vo0 = =¥ =)
a, b ~/|¢—7| a

o0

¥ (o)
c = [A2AE
Y J | (!)l

—_—r2

do
fit)

-

/ ) e Lt ( —h’
Wlfinl(a, b) = ﬁ_f[F(Y)]( b)

O OO

] dadb
ﬂn:=E—JJ‘Wﬂn]alhwn

l \I”—o-:» —00 a

0(1) = ay(t)+ Po(r)

Dilation and translation of (f)

Admissibility factor

C=D

WIfinl(a,b) = | fihy, (1) di

— D

Fourier transform representation

Inverse

WolAD] = aW, IAD]+BW,A(0)]

“In the table, y(7) is square-integrable.



TABLE 10.1. Gabor Transform Properties”

Signal Expression Gabor Transform or Property
x(f) Xo(l, )
ax(n) + by(f) aX oL, @) + bY ol L, ()
x(t —a) ¢ T ol —a. )
x(tyexp(j0i) XollL, 0 - )
RIS P |
= 27 ) 2,L'(R") Plancherel’s theorem
) gl
(5, ) = ) <X_ Y> Parseval’s theorem
TC”Q““J

x(f) = : J ¥ (U 0)g, )6 dﬂ)du [nverse. re;squum?oI' the identity, or

Qnld). H synthesis equation

“In the table, x(1) is square-mtegrable, and g(f) 1s a Gaussian of mean |1 and standard deviation .



TABLE 10.3. Wigner-Ville Distribution Properties”

Signal Expression WVD or Property
x(1) Xwv(lL. )
ax(t) lal“Xyy (1, ©)

x(t) + y(1)

x(t—a)
x(tyexp( jOr)

. AR |
x(texp( jOr)
x(t/a). witha >0

(= =]

| A H
va(_u, M) = 2ln| X(un%)X(m—g)ej u(1(-)

—_—1C

C=D

J' va(“* o))e—juedp = X(m + g)x(m— g)

— el

—_—C2

Xwv(ll, @) + Yyl @) +
2Real [ Xy (1L, ©)]

Xwv(ll —a. o)
Xwv(ll. - 6)
Xwv(l. & —26)
aXwvy(lWa. am)

Frequency-domain representation

Fourier transform of WVD

“In this table, x(f) and y(f) are square-integrable.



Real part

Imag part

! : . d 1 T T T T T
0.8 -
0.6
0.4rF
- 02}
8
@ Qi
D
& 0 /\
0.4}
—-0.6 | !
—0.8} J :
_1 1 1 L 1 1 L
B el o B oA 0 M 5
0 1 > 3 Time t
: (@)
Time t
(c)
1 T T T T T T
Doubled frequency [
1 . . ; . ; . . 0.8 | T
08 0.6 J
0.4} 1
0.6
B2F A
04 5
g’ o
0.2
E o2} 1
Y 04} J 1
02} 06} 1
04 - 08+ i
06 | -1 :
-5 -4 -3 -2 -1 0] 1 5
08 | Timet
(b)
__1 1 1 1

Doubled frequency

2. Gabor elementary functions. The cosine term (a) represents the real part of a
d is an even signal. The sine term represents the imaginary part and is an odd signal
els (¢) and (d) show the effect of frequency doubling.




__-’_""-_

X¥)= 3 3

+TT

=T

+T

—TE

{

2 Z

Nn=—cofk=—oo

CBepTKa

4+ Foo
| X(w)Y () do= | |: > x(n)exp(— jmn}][

Hn=-—cw2

-

x(n\v(k)exp™ »’(‘}[”_k}}d(ﬁ,

- | ¥

n=—cok=—co_q

= 2?1:<w1"(n_). v(n )}

e

3

bk =—co

v(k)exp(y mk)} dm

(7.60)

o

J ..x:(n_}}_‘(:’(,’)exp_ﬁ"}{”_k} do=2r > x(n)v(n)

N=—co



