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MeTtopn JleBeHbepra—MapkBapaTa

« Anroputm JleBeHOepra — MapkBapara — MeTo[ ONTUMU3ALIUN,
HanpaBfeHHbIN Ha peLlleHne 3aga4y 0 HaMMEHbLUNX KBagpaTax. ABnsercd
anerepHaTnBon metoay laycca — HbloToHa. MoXeT paccmaTpumBaTbCs Kak
KOMOMHaUMA nocrnegHero ¢ METOAOM FPAAMEHTHOrO cnycka U Kak MeTon
OOBEPUTENBbHLIX MHTEPBAoB. ANroputM Bbin cdhopmMmynupoBaH HE3aBUCUMO
IleBeHbeprom (1944) u MapksapaTtom (1963).

» Kenneth Levenberg (1944). "A Method for the Solution of Certain
Non-Linear Problems in Least Squares". The Quarterly of Applied
Mathematics 2: 164—168.

« Donald Marqguardt (1963). "An Algorithm for Least-Squares Estimation of
Nonlinear Parameters". SIAM Journal on Applied Mathematics 11(2):
431-441. doi:10.1137/0111030.

« Philip E. Gill and Walter Murray (1978). "Algorithms for the solution of the
nonlinear least-squares problem". SIAM Journal on Numerical
Analysis 15 (5): 977-992. doi:10.1137/0715063.

The algorithm was first published by Kenneth Levenberg, while working at the Frankford Army Arsenal. It
was rediscovered by Donald Marquardt who worked as a statistician at DuPont and independently by
Girard, Wynn and Morrison.
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MeTtopn JleBeHbepra—MapkBapaTa

 Anroputm JleBeHOepra—MapkBapAaTa
(Levenberg-Marquardt Algorithm, LMA) aBngaetcs
Handornee pacrnpocTpaHeHHbIM anropnuTMOM
ontummnsaumn. OH NpeBOCXOAUT MO
NPON3BOANTENBLHOCTN METO, HANUCKOPENLLETO CrycKa U
Opyrme Metoabl CONPSXKEHHbIX rPagneHToB B PasfnnyHbIX
3agadvax. I3HayanbHO cynTanock, 4YTo LMA — 310
KOoMb6UuHauyusi NpocTeNLLEro rpaaueHTHoOro metoaa v
MeTtoaa laycca-HbroTOHaA, ogHako BNocneacTeun
BbISSCHUIIOCb, YTO JaHHbIW anropuTM MOXXHO TaKxe
paccMmaTpuBaTb Kak MeTod AoBepUuTersibHbIX
UHTEepBasros.
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MeTtopn JleBeHbepra—MapkBapaTa

LMA pelwlaet 3agadvy HeENMHEMHOWU MUHUMU3ALMU METOOOM
HaMMeHbLUNX KBaapaToB. OTO O3HAYaET, YTO PYHKLUA, KOTOPYHO
HeobxoaMMo MUHUMN3NPOBATL, BbIMMSANUT cneayowmnm odbpasom:

1 m
f@)==Dri ()
23
rae x=(x,,X,,...,X,) - BEKTOp, @ 7; - (PyHKUNS OTOOpaxeHns u3 R" B R .

CDyHKLI,I/II-O r; Ha3blBakoT HEBSI3KOW B npeannornoxXeHmm, 4To mz2n

Ons npocToThbl PYHKUMA f npencTaBnsieTcs BeKTOPOM HEBA3KU BUAA:

r(x) = (1(x), 75 (%);...,7,, (X))
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MeTtopn JleBeHbepra—MapkBapaTa

Tenepb f MOXHO nepenucaTtb Kak

Fx)= %Hru)

a ee Npon3BoAHble NPeacTaBUTb C NMOMOLLbIO MaTpuULbl Akobu

2
p

or,
Jx)=—=, 1<j<m, 1<i<n
ox.

l

PaccmoTprM nnuHenHbI cryyan, koraa kaxaas PyHKUMS r; NIMHEUHa. 30ecb
sIkoOMaH paBeH KOHCTaHTE, r MOXXHO NPEeacTaBUTb KakK rmnepniocKoCTb B
NPOCTPAHCTBE, a

f(x)= %HJ)C + r(O)H2
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MeTtopn JleBeHbepra—MapkBapaTa

Torga rpaaveHT dpyHKuMn  V(x)=J (Jx+r) U V2 f(x)=J"J . Pewas
3afjavy MUHUMYMa V{(x) =0, NONy4nm

x =—(J'J)'Jr

TO ecTb X - pPeLleHne cMcteMbl HopManbHbIX YPaBHEHWUN

min

J' Nx=-J"r.

BosBpaluasch K ooLwwemy (HENMHENHOMY) Crly4vato, NOMyYnM:
VI(x) =D r(x)Vr(x)=J(x) r(x)
j=1
V() =J (@) J(x)+ D r (x)Vr(x)
j=1
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MeTtopn JleBeHbepra—MapkBapaTa

OTnmMunTenbHon oCobEHHOCTBLIO METO4a HaUMEHbLLUUX

KBapaToB SBMNSAETCS TO, YTO, UMes MaTpuuy Akobu J(x),

NTIErKo nory4uTb reccuaH v’ f(x), €cnu yHKUUN r; MOXHO

arnnpoKCMMUpPOBaTb JIMHENHBIMWU MPUBITMKEHNAMMN

(T.e. V’r,(x) Manbl) Unu ecnun r (x)Manbl camu no ceoe.
Torga reccmaH, Kak U B IMHEWHOM criy4vae, byaeT paBeH:

V2 f(x)=J(x)" J(x)

Ba)xHO OTMETUTb, YTO 3TO YPaBHEHNE BEPHO TONbKO ASS
ManbiX HEBA3OK. [Tpobrnembl 60MbLIMX HEBA30K HE MOTYT
ObITb peLleHbl C MOMOLLbIO KBaApaTUYHOW annpoKcuMaLuu,
1, criegoBaTernbHO, MPOM3BOAUTENBHOCTL aniropuUTMa,
NpeacTaBlEHHOrO Bbillie, B TAKUX CIyvasix HEBenvKa.
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MeTtopn JleBeHbepra—MapkBapaTa

LMA kak KoMOMHauuma npocrteuniwlero rpagmneHTHoro

MeTtoaa u metoaa HorotoHa— lNaycca

[MpocTenwmnin rpagneHTHbIN METO — 3TO Hanbonee UHTYUTUBHO
MOHSATHbLIN CrOCO6 HaxoXAeHN MUHUMYMa PYHKUMW. Beluncnenme
napamMeTpa Ha o4epeaHOM Llare BbIMNOSHAETCH NyTeM BblYMTaAHUS
rpagneHTa PyHKUMU, YMHOXEHHOrO Ha 3afaHHbIN MONOXUTENbHbIN
KO3(PPULINEHT: X =% —AVf

OpgHako npu Takom NnoaxoAde MMEKT MECTO pasnunuyHble npobrnemsl
CXOAUMOCTW. JIOrnM4YHO NPeanosioXnTb, YTO XenaTenbHo 6610 Obl
OCYLLUECTBNATb BonbLIME Wary No HanpasneHuo rpagmeHTa Tam, rae
rpagueHT Mman (T.e. HaKIMoH nosiorumn), U, HA0OOPOT, ManeHbKNe LWaru
TaMm, rge rpagueHT 0osbLlLor, YTOOLI HE MPONYCTUTb MUHUMYM.

OpnHako B hopmyne BbINOMHAKTCA NPSIMO NPOTUBOMNONOXHbIE AeNCTBUA.
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MeTtopn JleBeHbepra—MapkBapaTa

[pyrasi npobrnema 3aknioyaeTca B TOM, YTO KPMBU3HA MOBEPXHOCTU HEBS3KU
MOXET ObITb HE OANMHAKOBOW MO BCeEM HarnpasneHuam. K npumepy, ecnu
eCTb OJIMHHAaA 1 y3Kad BnaguHa Ha NoBEPXHOCTN HEBA3KN, KOMMOHEHT
rpagveHTa B HanpaBneHnu, ykasbiBatoLlemM BAOSIb OCHOBAHNS BNaauHbI,
OYeHb Marn, a KOMMOHEHT rpagueHTa BOOSIb CTEHOK BNaguHbl, HA0OOPOT,
BESMK. OTO NPMBOAUT K ABMKEHMIO MO HaAMNpaBIIEHMIO K CTEHKaM BraauHbl,
Torga Kak HeobxoamMmo nepemellatbca Ha 6onbLumMe pacCTOAHMNSA BOOMb
OCHOBaHWSA BnaauHbl 1 Ha Manble — BOOSb €€ CTEHOK.

CuTyauuto MOXXHO ynyyllUTb, €CIN YYUTbIBATb MHGOPMAaLMIO O KPUBU3HE Y
rpagueHTe, T. €. BTOpble nponsBoaHble. OgmH n3 cnocoboB caenartb 3TO —
ncnonb3oBatb MeToq HeloTOHa ANgd pelweHus ypaBHeHna Vi(x)=0.

PacknagbiBag rpagueHT f B paf Tennopa BOKpPYr TEKYLLEro COCTOAHUA X,
Nonyynm

VI (x) = Vf (%) +(x = x,)" V° f(x,)
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MeTtopn JleBeHbepra—MapkBapaTa

MpeHebperas uneHamun 6ornee BLICOKOro nopsaaka (cuMtas / kBagpaTUyYHON
BONU3N x, ) 1 pewas 3agavyy MMHUMYyMa, NPUPaBHSB NEBYIO YacTb

ypaBHeHus! .
Vi (x) =V (x) +(x =) V7 f (%)

K HYJ1I0, NOJTY4YUM MpaBUJ1o BbIHNCITIEHUA NMapaMeTpa Ha odepeaHOoOM LWare rno

mMeTony HeroToHa: , »
X =X = (VT (X)) Vf(x)

[Mockonbky MeToa HbloToHa HanpsAMYH UCNONb3yeT NPeanonoXeHne o
KBagpaTu4HoOCTU (NpeHebperas YneHamu 6onee BbICOKUX MOPSAKOB Npu
pasnoxeHun B psaa Tenopa), HeT HeoOXOANMOCTY TOYHO BbIYUCHIATD
reccmaH, a JOCTaToO4HO MCMNOMb30BaTb €ro annpoKCUMaLuio.

[mMaBHOE AOCTOMHCTBO TaKoro noaxoaa — ObicTpas cxoamMmocTb. OgHako
CKOPOCTb CXOAUMOCTM 3aBUCUT OT Ha4yanbHOro Nono)eHust (ecnu ObITb
bornee TOYHbIM - OT FIMHENHOCTN BOKPYr Ha4YarbHOIO NMOOXEHUs).
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MeTtopn JleBeHbepra—MapkBapaTa

Jlerko 3aMeTuUTb, YTO NPOCTEULLNN rPaNEHTHbLIN METOO U MeTOo4
HbtoToHa— aycca onoNHAKT APYr Apyra ¢ TOYKN 3PEHUS
npegocTaBnsieMblix npenmyuects. OCHOBbIBasiCb Ha 3TOM HabnoaeHuu,
JleBeHBepr npeanoXxun anropnutM, B KOTOPOM NPaBUNO BbIMYUCTIEHUS

napamMmeTpa x.,, =x,—(H+2A1)"'Vf(x)
eCTb KOMBMHAUWS MPaBUM:  x_ =x, — AVf

X =%~ (V2 f(x) " Vf(x)

rae H — matpuua ecce, BblMUCNIEHHAS B TOYKE X,.

07.11.2012
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MeTtopn JleBeHbepra—MapkBapaTa

x., =x,—(H+AI)"Vf(x)

[1aHHOe npaBusio Ucnonb3yeTcs cneayrLwmm oopasom:
eClnn Ha ovYepenHOn ntepaumm HeBd3Kka CoKpallaeTcs, 310
3HA4UT, YTO NPEanonoXeHne O KBagpaTUYHOCTU  f(x)
paboTaeT, U Mbl yMeHbllaem 4 (0bbiyHO B 10 pas), YToObI
NOHN3NTb BNUAHWE rpaaneHTHoro cnycka. C gpyrou
CTOPOHbI, ECIIN HEBA3KA YBEnnymBaeTcd, Heobxoanmo
crefoBaTb HanpaefeHWUIo rpagueHTa, 1 Mbl yBenM4nBaem
2 (BO CTOSIbKO e pas3).
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MeTtopn JleBeHbepra—MapkBapaTa

Takum obpa3som, anzopumm JleeeHbepea npedcmaesisiemcsi 8
eude nocsiedosamesibHocmu deticmeauu:

1. Bblumcnutb napameTp Ha odepenHon ntepaumm no npasuny
x.,, =x —(H+A)"'Vf(x)

2. OUEHNTb HEBSA3KY B HOBOM BEKTOPE NapaMeTpoB.

3. Ecnun B pe3ynbraTte BblYMCNEHUNA NapaMeTpa HeBA3Ka
yBenuymnachb, BEpHYTbCA Ha Liar Ha3apg (T.e. BOCCTaHOBUTb
npeXxHue 3HayeHus BecoB) n yBennuntb A B 10 pas. 3atem
NOBTOPUTb BbINOSNTHEHWE, HAYMHagA C Wwara 1.

* 4. Ecnu B pesynbraTte BblYUCNEHUA NapaMeTpa HeBdA3Ka
YMeHbLUUNAach, NPUHATb TEKYLLKWIA War (T.e. OCTaBUTb HOBbIE

3Ha4yeHna BecoB) U ymeHbWwnTb A B 10 pas.

07.11.2012
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MeTtopn JleBeHbepra—MapkBapaTa

HepgoctaTkoM gaHHOro anropnutMa aBnaeTcd TO, YTO ecriv 3HadeHne A
BENIMKO, Bbl4MCieHHaa maTtpuua [ecce HMKaK He UCnosb3yeTcy.
OpgHako MOXHO M3BIeYb HEKOTOPYHO BbIroay U3 BTOPOM MPOoM3BOAHOM
Oaxe B 9TOM criyyae, Maclutabupysi Kaxkablh KOMNOHEHT rpagneHTa
COrnacHoO KpuBn3He. OTO OOSMKHO NPUBECTU K YBENUYEHUIO LWara BAOSb
HanpaBneHun, rae rpagueHT Marn, Tak YTo Kraccudeckas npobnema
BNaauHbl 0OsibLLEe HE BO3HUKHET. OTOT KINHOYEBOW MOMEHT Dbl
3amedeH MapkBapatom. OH 3aMeHUN egUHUYHYIO MaTpuly B hopmyre
Ha OnaroHanb reccuaHa, rnonyvyms Takmm obpasom criegytoilee

npasuno: . |
X =X, —(H + A diag[H]) Vf(’xi)

(TuxoHOBCKasa perynsapusaums)
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MeTtopn JleBeHbepra—MapkBapaTa

» [lockornbKy reccuaH nponopumoHaneH KpususHe f, npaBuno
NpuBeOET K DOMbLUNM Laram rnpu Masrion KpuBmsHe (T.e. Anst No4Tu
NSIOCKOM NOBEPXHOCTN) U K ManbIM Lwaram rnpu 60nbLIon KpMBnusHe
(T.e. ANS KPYTOro HakmnoHa).

 CTouUT OTMETUTB, 4YTO XOTA LMA sBnseTcs He onTuMarbHbIM, a NULLb
9BPUCTUYECKMM METOLOOM, OH OYEHb XOPOLLO paboTaeT Ha npakTUkKe.
EAQnHCTBEHHBIN ero HegoCTaToK 3aKnt4yaeTcs B HEOOX04MMOCTHU
obpalleHns MaTpuubl Ha Kaxaom ware. [laxke HeECMOTpPS Ha TO, YTO
HaxoxaeHne obpaTHON MaTpuLbl OObIYHO BbINOMHAETCA C
NCNoMb30BaHNEM DObICTPLIX METOAOB NceBaoobpalleHns (Takmx, Kak
PasfoXXeHne No CUHTYNAPHbLIM YXUCaM MaTpulbl), BpeEMS OOQHOW
nTepaumn CTaHOBUTCHA HENPUEMSTEMBIM A1 HECKOSTbKNX ThICAY
napameTpoB. [na moaenemn xe cpegHnx pasmepoB (C HECKONbKUMM
coTHaAMK napameTpoB) LMA paboTtaet gaxe bbicTpee, 4em
NpPOCTEULLNIN rpagUeHTHbIN MeTOA.
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MeTtopn JleBeHbepra—MapkBapaTa

Memood doeepumersibHbIX UHMepe8asios

Historically, the LM algorithm was presented by Marquardt as given in
the previous section where the parameter, 4, was manipulated
directly to find the minimum. Subsequently, a trust-region approach
to the algorithm has gained ground.

Trust-region algorithms work in a fundamentally different manner than
those presented in the previous section, which are called line-search
methods. In a line search method, we decide on a direction in which
to descend the gradient and are then concerned about the step size,
i.e. if p'“is the direction of descent, and @, the stepsize, then our
step is given by  x"“*V =x" +q, p™ and the stepsize is obtained by
solving the sub-problem

min f(x(k) (k))

Ta
Va,>0 kp
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MeTtopn JleBeHbepra—MapkBapaTa

Memood doeepumersibHbIX UHMepe8asios

By contrast, in a trust-region algorithm we build a model m(k) that
approximates the function fin a finite region near x(k). This region,
A, where the model is a good approximation of f, is called the
trust-region. Trust-region algorithms maintain A and update it at
each iteration using heuristics.

The model m(k) is most often a quadratic obtained by a Taylor series
expansion of f around x(k), i.e.

= FO) VGO + 5" Hp

where H is the Hessian (or an approximation of the Hessian) matrix.

The sub-problem to be solved to find the step to take during the

iteration is 1

min”pIISA FO)+ V" )ip + EpTHp

07.11.2012 17



MeTtopn JleBeHbepra—MapkBapaTa

Memod dosepumesibHbIX UHMep8asios
The iteration step itselfis ~ x“" =x"'+ p . A trust-region algorithm

can thus be conceived of as a sequence of iterations, in each of
which we model the function f by a quadratic and then jump to the

minimum of that quadratic.
The solution of problem is given by a theorem which is as follows
p" 1s a global solution of min) | -af (x‘ik’> +Vf (.\“l"' :’) P+ % pTHp iff
| p* ||< A and there 1s a scalar A s.t. :
(H+AD)p* = -—
/1 (A —p*) =

and (H+ AI) 1s positive semi-definite

0Q

-

where g, f € R".

07.11.2012
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MeTtopn JleBeHbepra—MapkBapaTa

Memoo doeepumeribHbIX UHMepeaasios
It can be seen that A(A-p*)=0 basically states that if Hp *H <A then

A =0 but not otherwise. Hence, we reach the same parameter
update equation for the LM algorithm using a trust-region framework
as we obtained using the line-search method. The heuristic to update
the size of the trust-region usually depends on the ratio of the
expected change in f to the predicted change, i.e.

SO = £ (WP + p¥)
W) =m® (p¥)

If there is a good agreement between predicted and actual values(p, ~ 1),
then A is increased; if the agreement is poor (p; is small), then p,_ is
decreased. If p, is smaller than a threshold value (10~*), the step is
rejected and the value of w'") is retained but A is decreased as before.
Thus, the algorithm is similar to the previous one but the value that is

changed with each iteration is A and not 1 .
07.11.2012 19
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MeTtopn JleBeHbepra—MapkBapaTa

Descriptions

1.
2.

o B

Detailed description of the algorithm can be found

in Numerical Recipes in C, Chapter 15.5: Nonlinear models
C. T. Kelley, lterative Methods for Optimization, SIAM
Frontiers in Applied Mathematics, no 18, 1999, ISBN
0-89871-433-8. Online copy

History of the algorithm in SIAM news

A tutorial by Ananth Ranganathan

Methods for Non-Linear Least Squares Problems by K.
Madsen, H.B. Nielsen, O. Tingleff is a tutorial discussing
non-linear least-squares in general and the
Levenberg-Marquardt method in particular

T. Strutz: Data Fitting and Uncertainty (A practical introduction
to weighted least squares and beyond).

Vieweg+Teubner, ISBN 978-3-8348-1022-9.
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MeTtopn JleBeHbepra—MapkBapaTa

Implementations
e The oldest implementation still in use is Imdif, from MINPACK, in Fortran, in
the public domain. See also:
Idmflt a translation of Imdif into C/C++ with an easy-to-use wrapper for curve fitting, public
omain.
— The GNU Scientific Library library has a C interface to MINPACK.
C/C++ Minpack includes the Levenberg—Marquardt algorithm.
— Several high-level languages and mathematical packages have wrappers for
the MINPACK routines, among them:
« Python library scipy, module scipy.optimize.leastsq,
 |IDL, add-on MPEIT.
* R (programming language) has the minpack.Im package.

» |evmar is an implementation in C/C++ with support for constraints, distributed under

the GNU General Public License.
— levmar includes a MEX file interface for MATLAB
— Perl (PDL), python and Haskell interfaces to levmar are available:
see PDL::Fit::Levmar, PyLevmar and HackageDB levmar.

» sparselLM is a C implementation aimed at minimizing functions with large,
arbitrarily sparse Jacobians. Includes a MATLAB MEX interface.

» InMin library contains a C++ implementation of the algorithm based on
the eigen C++ linear algebra library. It has a pure C-language API as well as a
Python binding

» ALGLIB has implementations of improved LMA in C# / C++ / Delphi / Visual
Basic. Improved algorithm takes less time to converge and can use either
Jacobian or exact Hessian.
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Example

In this example we try to fit the function
y = a cos(bX) + b sin(aX)

using the Levenberg—Marquardt algorithm
iImplemented in GNU Octave as the leasqr function.

The 3 graphs Fig 1,2,3 show progressively better
fitting for the parameters a=100, b=102 used in the
initial curve. Only when the parameters in Fig 3 are
chosen closest to the original, are the curves fitting
exactly. This equation is an example of very sensitive
initial conditions for the Levenberg—Marquardt
algorithm. One reason for this sensitivity is the
existence of multiple minima — the function
cos(Bx) has minima at parameter value b* and b*+2pi.
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Example (1-st of 3)

07.11.2012

Nonlinear curve fitting (good guess)

200 . . : .
1 i ‘ or%ginal data
“ H | ﬁ Fﬂtted datF using Lfv—Mar
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. Fig 1.

Poor Fit
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Example (2-nd of 3)

Nonlinear curve fitting (good guess)
200

“original data ——

s | A /h[ | {I F(\tted dath using Lﬁl-u-Mar ﬁ_ |
mm |
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07.11.2012 * Fig 2. Better Fit



Example (the last picture)

Nonlinear curve fitting (good guess)

200 T T T T
m original data ——

b ! | J tt;d dat Iusi Lpy-Maf ——
150 || f\’ I’I“ l W rﬁ |g | h 1
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 Fig3. BestFit



