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MaTtemaTtnyeckmne moaenu ans

BPpEMEHUN BbINOJIHEHUA

. OOmmee BpeMs BeINOJHEHUS. CyMMa: CTOMMOCTD
KaXK0M OIl€palMy * 4acToTy, JJISL BCEX OIepaiui
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CTOMMOCTb OCHOBHbIX onepauunit

operation example nanoseconds !
integer add a+b 2.1
integer multiply a*b 2.4
integer divide a/b 5.4
floating-point add a+b 4.6
floating-point multiply a*b 4.2
floating-point divide a/b 13.5
sine Math.sin(theta) 91.3
arctangent Math.atan2(y, x) 129.0

t Running OS X on Macbook Pro 2.2CHz with 2GB RAM



CTOMMOCTb OCHOBHbIX onepauunit

operation example nanoseconds f

variable declaration int a Ci
assignment statement a=> C2
integer compare a<b»o C3
array element access al[i] Ca
array length a.length Cs

1D array allocation new int[N] cs N

2D array allocation new int[N][N] cz N2
string length s.length(Q) Cs
substring extraction s.substring(N/2, N) Co

string concatenation s + t Cio N

. OmmnbOka HOBUYKOB: HEIPaBUJIbHAS OLICHKA
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[Tpumep: 1-Sum

. IloacueT Kom4uecTBAa HHCTPYKIUM, KaK (DYHKIIMHA OT

-I\I° int count = 0;
for (int i = 0; 1 < N; i++)
it (a[i] == 0)
count++;

operation frequency

variable declaration

assignment statement 2
less than compare N+ 1
equal to compare N

array access N

increment



[Tpumep: 2-Sum

. IloacueT Kom4uecTBAa HHCTPYKIUM, KaK (DYHKIIMHA OT
]

int count = 0;
for (int i = 0; i < N; i++)

for (int j = i+1l; j < N; j++)

if (a[i] + a[j] == 0)

count++;

0+1424+...4(N-1)

1
3 N
- (3)
operation frequency 2

variable declaration N+ 2

assignment statement N+ 2
less than compare “a(N+1)(N+ 2) A
equal to compare YaN(N-1)
> tedious to count exactly
array access N(N-1)
increment VbN(N=1T)toN(N-=1)




YnpolieHne BblYUCNEHUN

“ It is convenient to have a measure of the amount of work involved
in a computing process, even though it be a very crude one. We may
count up the number of times that various elementary operations are
applied in the whole process and then given them various weights.
We might, for instance, count the number of additions, subtractions,
multiplications, divisions, recording of numbers, and extractions
of figures from tables. In the case of computing with matrices most
of the work consists of multiplications and writing down numbers,

and we shall therefore only attempt to count the number of

multiplications and recordings. =’ — Alan Turing

ROUNDING-OFF ERRORS IN MATRIX PROCESSES
By A. M. TURING
(National Physical Laboratory, Teddington, Middlesex)
[Received 4 Novernber 1847]

SUMMARY

A number of methods of solving sets of linear equations snd inverting matrices
are discussed. The theory of the rounding-off errors involved is investigated for
some of the methods, In all cases examined, including the well-known ‘Gauss
elimination process’, it is found that the errors are normally quite moderate: no
exponential build-up nead oceur,




YnpouleHne 1: moaenb CTOMMOCTH

Mopenb ctoumMocTd. Fcnoap30BaTh HEKOTOPHIE
OCHORBRHBIE OTTenaITUH JIITS TIHUOITWKEHHOTO hacyeTa

int count = 0;
for (int 1 = 0; 1 < N; i++)

for (int j = i+1; j < N; j++)

if (a[i] + a[j] == 0)

count++;

04+1424...4(N=1) =

[l
e A
- - -

operation frequency

variable declaration N+ 2

assignment statement N + 2
less than compare “2(N+1)(N+ 2)
equal to compare “2N(N-1)
array access N(N-1) cost model = array accesses
ICraiRETE % N(N=1)toN(N=1) (we assume compiler/JVM do not

optimize array accesses away!)




YnpolleHue 2: Tunbaa-Hotaung

. OneHuTs BpeMs BBINIOJIHEHUE (MM aMATh), Kak

()YHKLIMIO OT BXOAHBIX JaHHBIX N

. HI‘HODHDOB&TB MJIAAITNC YJICHBI

Ex L.
EX 2.
EX 3.

Technical definition. fAiN) ~ g(N) means

WwN3 + 20N + 16 ~ VN3

Ve N3 + 100 N43 + 56 ~ Y6N3

WN3 - bWN2 + 3 N ~ Ve N3
o ~ Y.

discard lower-order terms
(e.g., N =1000: 500 thousand vs. 166 million)

J(N)

lim ——

V= g(N)

N6 + N /3
\lt.»rs,lh',’,mm

1

T
1,000

Leading-term approximation



YnpolleHue 2: Tunbaa-Hotaung

. OneHuTs BpeMs BBINIOJIHEHUE (MM aMATh), Kak
(PYHKIIAIO OT BXOJIHBIX JAaHHBIX N

. MraopupoBars Mitaaiiuve YicHbI

" Koma N BCJIMKO, MJIAAIIINC YJICHBI HC3HAYUTCJIbHBI

. operation frequency tilde notation
variable declaration N+ 2 ~N
assignment statement N+ 2 ~ N
less than compare a(N+ 1) (N+2) ~ Y2 N2
equal to compare “20M(N-=1) ~ Y2 N2
array access N(N-T) ~ N2
increment LNIN=-T)toN(N-=1) ~ Y% N2 to ~ N?




[Tpumep: 2-Sum

Q. Approximately how many array accesses as a function of input size N?

int count = 0;
for (int i = 0; i < N; i++)
for (int j = i+1l; j < N; j++)

if (a[i] + a[j] == 0) "inner loop”
count++;
0+14+2+...+(N-1) = ;WN—U
A. ~ N?array accesses. s (\)
;

. Huxusaa ouenka. Micnons3oBarh MOJIEIhL CTOUMOCTH
M TUTTBETA-HOTAITURKO 1119 Vimoliiensue RBTqT/TCJTGHT/Iﬁ



[Tpumep: 3-Sum

Q. Approximately how many array accesses as a function of input size N?

int count = 0;
for (int i = 0; 1 < N; i++)
for (int j = i+1; J < N; j++)
for (int k = j+1; k < N; k++)
if (a[i] + al[j] + a[k] == 0)
count++;

“inner loop”

A. ~'% N°?array accesses. Lys

. Huxusaa ouenka. Micnons3oBarh MOJIEIhL CTOUMOCTH
M TUTTBETA-HOTAITURKO 1119 Vimoliiensue RBTqT/TCJTGHT/Iﬁ



OueHka OUCKPETHOU CYMMb

. Kak OolleHUTh TUCKPETHYIO CyMMY?

1) CpeacTtBaMu JUCKPETHOM MaTEMaTHKH.

7\ QQR/TPT—TT/T’T‘L /NN A (\T[T\PT[NPYT[PT—TT—TLTT\/’T MTHTATNATT 11

1 N
I

Ex 1. 1+2+...+N. 1~ / xdxr ~ ,—1'\"2

; L= 2

N N 1

ik ~ st T g o '.*k’—i—l

Ex 2. 15+2k+ + Nk 2_:1' ,/_.1,:1'1' G A-:+1‘\

"\’ 1 4'\' l
EX 3. 1+12+1/3+...+ 1N > / T

i=1 % 4 — WSk

N N N N N :
. 1 .
Ex 4. 3-sum triple loop. E E E 1 ~ / / / dzdydr ~ - N3
7 o= e=1 v y—ax v 22—y

)



MaTtemaTundeckasa moaenb Ons
BPEMEHW BbIMONMHEHUS

B npuHIMIiEe, BCerma BO3MOXHO ITOCTPOUTH TOUHYIO
MaTEMaTUYECKYHO MOJEIb.

Ha npaktuke

. Dopmyiia MOXKET OBITh CIIOKHOU

- - —

costs (depend on machine, compiler)

Ty ’

In=cA+cB+c3C+csD + csE
A = array access

B = integer add :h>
. frequencies
C = integer compare

; < (depend on algorithm, input)
D = increment "

. . /
E = variable assignment /

L/




Knaccudukanys nopsjakoB pocTa



Obuwaga knaccudukaunsa NopsaKkos
poOCTa

. Majoe 4nciio @yHKIMM ONMUCHIBAIOIIUX MOPSIOK
pPOCTa OCHOBHBIX aJITOPUTMOB

. 1,log N, N. Nlog N. N2, N3 u 2N

log-log plot
512T —

exponential

64T —

time
|

8T —

4T

2T

logarithmic

coristarnt

| I I I | I | | | 1

IK 2K 4K 8K size 512K

Typical orders of growth



Obuwaga knaccudukaunsa NopsaKkos
poOCTa

order of

growth typical code framework description example T(2N) / T(N)
add two
1 constant a=>b+ c; statement 1
numbers
log N logarithmic q NwT:le/(r;; l) - } divide in half binary search ~ 1
N om—— for (int i = 0; i < N; i++) 160 fmq the 5
e | s } maximum
. . . divide
N log N linearithmic [see mergesort lecture] mergesort ~ 2
D and conquer
for (int i = 0; i < N; i++)
5 " check all
N2 quadratic for (int j = 0; J < N; j++) double loop ) 5
{ . } pairs
for (int 1 = 0: i < N: i++)
p for (int j = 0; j < N; j++) . check all
N3 b : triple |
cubie for (int k = 0; k < N; k++) ripié foop triples ‘
£ s }
hausti heck all
2N exponential [see combinatorial search lecture] CRTaNalNS St T(N)

search subsets



[IpakTnyeckoe npnmMmeHeHumne
NOpPAAKOB POCTa

problem size solvable in minutes

1980s 1990s

log N
N millions te'n.s of hunflr'eds of billions
millions millions
hundreds of o o hundreds of
N log N millions millions &
thousands millions
N2 hundreds thousand thousands Uens o
thousands
N3 hundred hundreds thousand thousands
2N 20 20s 20s 30

« HwxHag onenka. HyXHbI JIMHEMHBIE WIIN JIMHEHUHO-
Toranudhvmaeckme anronvTME! 9TOORT TTTH R HOTV



buHapHbLIN MOUCK

« lleas. Hantu uHIEKC KiIro4a B OTCOPTUPOBAHHOM

MACCHUBC

« buHapHBIN OUCK

. KJII0U MEHBIIIE — HUJIEM BJIEBO
. Kirou Oonbiie — uaeM BIpaBo

. PaBeH — BO3BpallfacMm pe3ynbrar

successful search for 33

6 13| 14 | 25 | 33 |43 | 51 | 53 64 72 | 84 | 93

0 I 2 3 4 5 6 7/ 8 9 10 11



buHapHbLIN NOUCK: peann3aunsg

. BriepBrie OMHapHBINM NOKUCK OBLI OIYOJMKOBAH B
1946; nepsas 0e3o1mmbO0UHas peanu3anus B 1962

. Ommo6Oka B Java.binarySearch() naitmena B 2006

public static 1nt binarySearch(int[] a, int key)
{
int 1o = 0, hi = a.length-1;
while (1o <= hi)
{
int mid = 1o + Chi - 1o) / 2;
if (key < a[mid]) hi = mid - 1;
else if (key > a[mid]) lo = mid + 1; < one "3-way compare"
else return mid;

}

return -1;




buHapHbLIM MOUCK. MaTeMaTUYECKUI
aHanus

. IIpeanonoxenue. buHapHbIM MOUCK UCIIONB3YET 1 +
lg N cpaBHEHHMH KJ104a B OTCOPTUPOBAHHOM
mMaccuse N

. T(N) KomM4ecTRO CDaRHEHUW KITHYA R
orcT) <TWN/2) + 1 et

= T(N/4") Ly e apply recurrence to first term
. TQ -

< T(N/g) +1+1+1 apply recurrence to first term

= T(NIN)y + 1 + 1| & ., +71 stop applying, T(1) = |

=1+ 1IgN



N4log N anroputm ansa 3-Sum

rd input
. AJITOpUTM OCHOBAHHBIM Ha S aboh b dn e s
COPTHUPOBKE

sort
-40 -20 -10 0 5 10 30 40

. [lar 1: CoprupoBka N gucen

binary search

. Ilar 2: JIjus Kaxa0u mapbl YACEN  (-40, -20)

P : . (-40: -10) 5
al1] u a[]] CAeNaTh 6I/I.HapHI>II/I i 5 o
nouck mis -(a[1] + afj]) (-40, 5

-40, 100 Go)

30

. Ananus. [Topsaok pocra N*log DT

N . .
an )
2 ( ?0’ L0 \\19/} only count if
. [lar 1: N“ coptupoBKka - S alil<af]<alk
(-10, 0) <10> to avoid
BCTdABKaAMU : “ ; double counting
o) o ( 10, 30) -40
. Ilar 2: N°log N OuHapHBII (10, 40)
( 30, 40)

ITOUCK



CpaBHeHKEe nporpamm

. I'mnore3a. OCHOBaHHBIM HA COPTHUPOBKE 3-Sum
anroput™ N?log N onHO3Ha4HO ObICTpEE METO/A

rpy0oii crisl N°

N time (seconds) N time (seconds)

1,000 0.1 1,000 0.14
2,000 0.8 2,000 0.18
4,000 6.4 4,000 0.34
8,000 51.1 8,000 0.96
ThreeSum.java 16,000 3.67
32,000 14.88
64,000 59.16

ThreeSumDeluxe.java

« | maBabIM npuHOUN. Jly4ymmu mopsiiok pocra =>
OBICTPOTA Ha IPAKTUKE



Teopus anropuTMoB



Tunbl aHann3a

. Jlyummn cinyyan. HuxHsAsa rpaHuyiia mo CTOUMOCTH

" OHpCI[GJI}IGTC}I CaMbIMH «IIPOCTBIMHW» BXOJIHBIMH
JAHHBIMH

. llenn a8 1r00bIX BXOJHBIX JAHHBIX
. XYIUIUU ciiyyar. BepxHss rpaHulia

. Onpenensercs «CaMbIMHU CJIOKHBIMUY» BXOIHBIMU
TaHHBIMU

. lIpemocrasiisieT rapaHTUu i1 BCEX BO3MOMXHBIX

Ex 1. Array accesses for brute-force 3-Sum. Ex 2. Compares for binary search.
Best: ~ Y N3 Best: ~ 1

Average: ~'N° Average: ~ IgN

Worst: ~ 5 N3 Worst: ~ lgN

T—T‘TWT_TQ NNTOYTTATTIL T711aQ (‘T[‘TUQﬁULTY DPDVYVNDNATTLTILTY 77 29 71747 Vv



Tunbl aHann3a

Jlyuiun ciayuan. HuxHss rpasuia mo CTOMMOCTH
Xyauuu ciaydyan. BepxHsas rpanuna

Cpengnui cnydau. OxpgaeMas CTOUMOCTD ISl
CJIYYaWHBIX BXOJIHBIX JAHHBIX

PeanbHblc BXOIHBIC TAdHHBIC MOT'YT HC
COOTBCTCTBOBATH MOJCJIN

. HyXHO 1moHUMAaTh, UTO MOKET OBITh Ha BXOJE, UTOOBI
3(P(HEKTUBHO 00padaTHIBATh JJaHHBIC

. lloaxon 1: cTpouTs MOJEIB IS XYAIIETO Cy4das

. lloaxon 2: CTpoUTh MOJEIB IS CIY4YalHBIX JAHHBIX, B



notation

provides

example shorthand for

used to

Big Theta

Big Oh

Big Omega

asymptotic
order of growth

©(N2) and smaller

O(N2) and larger

72 N2
10 N2

2
S 5 N2+ 22 Nlog N+ 3N

10 N2

100 N

2
NS 22NlogN+3N

V2 N2
NE

2
s N3+22NlogN+ 3N

classify
algorithms

develop
upper bounds

develop
lower bounds




[lpumep: ABa anropuTtma
COPTUPOBKU

beICTpas cOpTUpPOBKA

. KonuuecTBo cpaBHeHuil B xynmieM ciaydae: N?
. O(N?)

CopTupOBKA CIUSTHAEM

. KomnuecTBo cpaBHeHMH B XyauieM ciaydae: N logN
. O(N logN)

3BeCTHO, UTO Ha MPAKTUKE ObICTpasi COPTUPOBKA B
JBa pa3a ObICTPEE U MCIOJIb3YET B IBA Pa3a MCHBIIIC
namsTH, YeM COPTUPOBKA CIUSHHUEM.

He mvermamrnuritre () maa e mTewranatiiaa



notation

provides

example shorthand for used to

Tilde

leading term

10 N2 provide
~ 10 N2 10 N2+ 22 Nlog N approximate

10 N2+ 2 N + 37 model




CopTHpoBKa BHIOOPOM



CopTunpoBKa BbIOOPOM

. Ha urepanmu 1 HalTM MUHUMAJIbHBIA OCTABIIUHCS
AJIEMEHT C MHJIEKCOM min

. IlomensaTs Mectamu af1] 1 afmin]

. Bujueo 1



CopTupoBKa BbIOOPOM

. AnroputM. CKaHUPOBAHMUE UJIET CIIEBA HAIIPABO

» JJIEMEHTHI CJIEBA OT CTPEJIKK OTCOPTUPOBAHBI U HE
MEHSFOTCS

. Her snemenTa cripaBa OT CTPEIKH, KOTOPBIKM OBLI OB
MEHBIIIE JIEMEHTA CJIEBA OT CTPEIIKU

in final order !



CopTupoBKa BbIDOPOM: BHYTPEHHUIN LINKI

« Move the pointer to the right.

1++;

i final r ) 1\

« |dentify index of minimum entry on right.

int min = 1;
for (int j = i+1; j < N; J++)
if (less(a[j]l, a[min]))
min = j;

« Exchange into position.

exch(a, i, min); '

.............................................

noniRERERS
i final order 1‘ 1‘



CopTupoBKa BbIDOpOM: peannsauus Ha Java

int N = a.length;
for (int 1 = 0; i < N; i++)
{
int min = 1i;
for (int j = i+1l; j < N; j++)
if (less(a[j], a[min]))

min = j;
exch(a, i, min);

}




CopTupoBKa BbIDOPOM:
MaTemMaTundeckmm aHanms

. YTBepxkacHue. CopTHpOBKA BEIOOPOM MCHOIb3YET
(N-1)+ (N-2)+ ... + 1+ 0 ~ N?/2 cpaBHenuii u N

al] o
entries in black
Hepec imin 0 1 2 3 4 5 6 7 8 910 ”"“;\"””'f”%“’f”f""“’
S 0 R T E x A M P L E the minmmum
0 6 O R TEXAMUP L E /
1 4 O R T E X S M P LE s - ;’3“’
2 10 R T O X S M P L E
3 9 T O X S M P L R
4 7 O X S M P T R
5 7 X S 0O P T R
6 8 S X P T R
7 10 X S T R
8 8 S T X -
9 9 T X infinal position
10 10 X

A E E L M O P R S T X

Trace of selection sort (array contents just after each exchange)

. BpeMH BBIITOJIHCHHUA HC 3dBUCHUT OT BXOIAHBIX
JAHHDBIX. KB&I[p&TPI‘IHO@ BpCM:i, JAKC CCJIIU MACCHUB

AN NArAYa MNP EaYAYPX2RA]



