H3MeneHnue pazmMepa MacCuBa



CTeK: UI3MEHEHME pa3Mepa MaccuBa

IIpobnema. OT KueHTa TpeOYyEeTCs YKa3bIBaTh pa3Mep
CTEKa

Kak yBeqIMuMBaTh U yMEHbIIIATh pa3MEpP MaccruBa?

I1epBbIN TOAXO0/T
. push(): yBenuuuBaTh pasMep maccuna s[| Ha 1

. pop(): yMEHBIIIATh pa3mMep Maccuba s[ | Ha 1

CrouMoCTh

. TpeOyeTcsa KOmMpoOBaTh BCE AIEMEHTHI B HOBBIM MaCCHB

e N (R 4 179 1 9 T NT



CTeK: UI3MEHEHME pa3Mepa MaccuBa

. Ecim MaccuB 1oJI0H, TO CO31aTh HOBBIM MACCHB B
IBa pasza 00JbIIE U KOMUPOBATh 3JIEMECHTHI

public ResizingArrayStackOfStrings()
{ s = new String[1]; }

public void push(String item)

{
if (N == s.length) resize(2 * s.length);
s[N++] = item;

}

private void resize(int capacity)

{
String[] copy = new String[capacity];

for (int i 0; 1 < N; i++)
copy[i] = s[i];
S = Copy,

}

« CroumocTs. CII0)KHOCTh BCTABKHU IIEPBBIX N
ANTEMEHTOR TTHOTTODITMOHATEEHA N



CTek: amopTuU3npoBaHHass CTOMMOCTb

nobaBneHns B CTek

. CronMocTh n00OaBiIeHUS IIEPBLIX N 3J1€eMEHTOB: N +
2+4+8+...+N)~3N

128 —

€S )

(ACCESS

iy

COSt (arre

One i\'?'(‘l‘\'(.'l()f 128

for each operation

N\

64

red dots give cumulative average 2

\ 7

oo 00t e 00 IO0II 900 SEETEBII00IOS990° SEEITELISEETEOEIRONINNIIOORII90° T SIESEISSEIISLISSEEESEIREERIREISINIRIOIINEIIINOIIITIIIONINIIS —

0 number of push() operations 128



CTeK: UI3MEHEHME pa3Mepa MaccuBa

. Kak n3mensats pasmep maccupa?
. llepBrin moaxon

. push(): yBenruuuBaTh pa3Mep MaccuBa s[| B JiBa pasa,
KOI'1a MAaCCHUB ITOJIOH

. pop(): yMEHBIIIaTh pa3Mep MaccuBa s[| B ABa pas3a, Koraa
MACCHUB Ha IIOJIOBHUHY ITyCT

« XYIUIUU ClTy4Yarl J0POT

N =5 to be or not to null null null

. llpesc ACCHUB IIOJIOH
N

= 4 to be or not

. Ciox 1IbHA N

N =5 to be or not to null null null

N =4 to be or not



CTeK: UI3MEHEHME pa3Mepa MaccuBa

« DM (DEKTUBHBINA OAXO0

. push(): yBenuuuBaTh pa3Mep MaccuBa s[| B JIBa pasa,
KOI'1a MAaCCHB ITOJIOH

. pop(): yMEHBIIIaTh pa3Mep MaccuBa s[| B ABa pas3a, Koraa
MACCHB 3aII0JIHEH Ha YETBEPTH

public String pop()

{
String item = s[--N];
s[N] = null;
if (N> 0 & N == s.length/4) resize(s.length/2);
return item;

= MaccusB 3amoinaeH ot 25% 10 100%



Crex:

N3MEHEHNE Pa3MepPa MaCCBa

al]
push() pop() N a.length 5 " > A 4 . . ,
0 1 null

to 1 to
be 2 2 be

or 3 4 or null

not 4 not

to 5 8 to null null null
- to 4 null

be 5 be
- be 4 null
- not 3 null

that 4 that
- that 3 null
- or 2 4 null null
- be 1 2 null
15 2 1S

Trace of array resizing during a sequence of push() and pop() operations



CTeK: aMOpTM3NPOBAHHbLIN aHaNM3

« llpeamonoxenue. HaunHas ¢ myCcToro creka,
ocjaen0BaTeIbHOCTh U3 M push/pop oneparuii
3aHMMAaeET BpEeMs NpONopLHOHaIbHOEe M

worst amortized

construct

push

pop ;
doubling and

halving operations

order of growth of running time
for resizing stack with N items



CTek: ncnonb3oBaHue namaTu
. IIpeanonoxenue. Mcnonb3yercs ot ~ 8N 10 ~ 32N
OauT 1A cTeka u3 N JIEMEHTOB

= ~ QN Korma cTtek ImoJiIoH

» ~ 32N Korma CTeK 3arnoJHEH HA YETBEPTh

public class ResizingArrayStackOfStrings 8 bytes (reference to array)

{ 24 bytes (array overhead)
private String[] s; <—p—u 8 bytes x array size
private int N = 0; « ayies 1ny)

«—F$5—— 4 bytes (padding)

= YUYUTBHIBACTCS IHaMATb, 3adHUMACMaAid CaMHUM CTCKOM, HO
He MTAHHBHRKRIMU



Ouepenpb ¢ IPUOPUTETOM
(Priority Queue)



Ovepeab C NPUOPUTETOM

Komneknuu. BeTaBka u yganeHue 3jieMeHToB. Kakon
3JEMEHT YIAIATh?

Crek. LIFO
Ouepens. FIFO

PapgommsupoBa " [ajgsercs
(V) < insert P
CIYYAWHBIM DJIEN e g
insert E
Ouepenb ¢ puo ““"* ¢ TCs caMbIi
OOJIBILION (MU N 7" 3 SHT
10ve n X
i P
msert L
msert E



AP]

oyepenu ¢ NpUopUTETOM

. TpeOoBaHue. DIEMEHTHI JOKHBI OBITH CPABHUMBI

public class

Key must be Comparable
(bounded type parameter)

MaxPQ<Key extends Comparable<Key>>

void

Key

boolean

MaxPQ()

create an empty priority queue

insert(Key v) insert a key into the priority queue

de1Max()

return and remove the largest key

1sEmpty () is the priority queue empty?



cnonb3oBaHMe odyepean ¢ npuoputeTam

Event-driven simulation.
Numerical computation.

Data compression.
Graph searching.
Number theory.
Artificial intelligence.
Statistics.

Operating systems.
Discrete optimization.
Spam filtering.

[customers in a line, colliding particles]
[reducing roundoff error]

[Huffman codes]

[Dijkstra's algorithm, Prim's algorithm]
[sum of powers]

[A* search]

[maintain largest M values in a sequence]
[load balancing, interrupt handling]

[bin packing, scheduling]

[Bayesian spam filter]



[Tpmep ovepeam ¢ NPUOPUTETOM

. 3amauva. Haiitu HanOoapIe M dJIEMEHTOB B ITIOTOKE
13 N DIJIIEMEHTOB

. OtcnexxrBaHME TPaH3aAKIHUN

% more tinyBatch.txt

Turing 6/17/1990
vonNeumann 3/26/2002
Dijkstra 8/22/2007
vonNeumann 1/11/1999
Dijkstra 11/18/1995
Hoare 5/10/1993
vonNeumann 2/12/1994
Hoare 8/18/1992
Turing 1/11/2002
Thompson 2/27/2000
Turing 2/11/1991
Hoare 8/12/2003
vonNeumann 10/13/1993
Dijkstra 9/10/2000
Turing 10/12/1993
Hoare 2/10/2005

644 .
4121.
2678.
4409.

837.
3229,
4732.
4381.

66.
.08

4747

2156,
1025.
2520.

708.
3532
4050.

08
85
40
74
42
27
35
Z1
10

86
70
97
95

.36

20

% java TopM 5 < tinyBatch.txt

Thompson 2/27/2000
vonNeumann 2/12/1994
vonNeumann 1/11/1999
Hoare 8/18/1992
vonNeumann 3/26/2002

4747 .08
4732 .35
4409.74
4381.21
4121.85

sort key



[lpymep ovepeam ¢ NPUOPUTETOM

. 3amaua. Hantu HanOobiire M 3JIEMEHTOB B IIOTOKE
13 N DIJIIEMEHTOB

. OtcnexxrBaHME TPaH3aAKIHUN

. Ilonck (aninoB U TUPEKTOPUI

MinPQ<Transaction> pq = new MinPQ<Transaction>();

////ﬁ;hi1e (StdIn.hasNextLine()) ‘\\\\\\\\\\ S
use a min-oriented pq [ransaction data

¢ - - " r type is Comparable
String line = StdIn.readlLine(); (ordered by $$)

Transaction item = new Transaction(line);

pq.insert(item);

if (pg.size() > M) «——
pq.delMin();

pg contains
largest M items




[Tpmep ovepeam ¢ NPUOPUTETOM

. 3ajada. Harti HanOoapimue M 3JIEMEHTOB B ITOTOKE
13 N dJ1eMEeHTOB

order of growth of finding the largest M in a stream of N items

implementation

sort
elementary PQ M N M
binary heap N log M M

best in theory




odyepenb C NMPNOPUTETOM:
HeynopsagodYeHHasa u yrnopsigoMeHHast
peanu3auus

. return . contents contents
operation argument g . size Cistordosadd) Cordered)
insert P 1 P P
insert Q 2 P Q P Q
insert i 3 P Q E E P Q
remove max Q 2 P E E P
insert X 3 P E X E P X
insert A 4 P E X A A E P X
insert M 5 P E X A M A E M P X
remove max X 4 P E M A A E M P
insert P 5 P E M A P A E M P P
insert L 6 P E M AL P L A E L M P
insert E 7 P E M A P L E A E E L M
remove max P 6 E M A P L E A E E L M

A sequence of operations on a priority queue




Oyepeab C NPUOPUTETOM:
HeynopsiooYeHHas peanusauyms

public class UnorderedMaxPQ<Key extends Comparable<Key>>

{
private Key[] pq; // pqli] = ith element on pq

private int N; // number of elements on pq

no generic
array creation

public UnorderedMaxPQ(int capacity)
{ pg = (Key[]) new Comparable[capacity]; }

public boolean isEmpty()
{ return N == 0; }

public void insert(Key x)
{ pa[N++] = x; }

public Key delMax()
{
int max = 0;
for (int i = 1; 1 < N; i++4)
if (less(max, 1)) max = 1i;
exch(max, N-1);
return pq[--N];

Tess() and exch()
similar to sorting methods

A

null out entry
to prevent loitering



[Tpmep ovepeam ¢ NPUOPUTETOM

. 3anada. Bce onepanum 2(h(heKTHBHBI

order of growth of running time for priority queue with N items

implementation insert del max

unordered array

ordered array N ] ]

goal



buHapHasa nmupamMuga
(Binary Heaps)



[TonHoe buHapHoe aepeBo

» bunapHoe nepeo. Ilycrora unu y3€ei ¢ JIEBBIM U
[IpaBbIM OMHAPHBIM MOAJAECPECBOM

. Tlomaoe nenero TTomaocTero cHOA MTAHCUNOBAHHOE, 34

N CKIJIK

complete tree with N = 16 nodes (height = 4)

. CBoucTBO. BpicoTa nmonHoro aepena n3 N-1
y3JI0B PaBHA

Ty - B S - B N



[TonHoe buHapHoe aepeBo




buHapHaa nmpamuaa

. bunapHas nupamuga. IlupamMugaabHO yHOPSAOUECHHOE
[IOJIHOE€ OMHAPHOE JIEPEBO MOXKHO HPEICTABUTh B BUC

. NapaK#fansHo e Tt s o
YIIOPSA0YCHHOE OMHAPHOE
IEPEBO

8 9101
EN T

1
G

7 0
A H

o o,

. Kirouu B y3imax

« KUIrod poauTenbCeKoro ysina He
MEHBIIIEC YEM JOUYEPHETO

. llpencrasiieHne B MacCuBe

] HHI[GKCI)I HAYMNHAKTCS C 1 Heap representations

« Y3JIbl YIOPSJIOYEHBI 11O
VDOBHIM



buHapHaa nmpamuaa

. CaMpIlii 00IBIION KJIFOY HAXOOUTCS B KOPHE 110 agpecy a

[1]

. Tonb3yliTech HHIEKCAMU e T s AR e
IS TIEPEMELLICHHUS 110 ol |
MACCHBY Nk

. Popurens y31a k HaxonguTcs B \\
k/2 |
an

. IloroMxkum y3na k Haxogsarcs B
2k u 2k+1

Heap representations



[lpoaBM>KeHne B nupamuae

. Ecnu noyepHuit y3en OO0JIbIIE POAUTEILCKOTO

. lloMEeHATh MECTaMU JOUYEPHUU U POAUTEIILCKUN Y3EII

=« HIOBTOPATH A0 TCX IIOP ITOKA HE 6}7ﬂeT BOCCTAHOBJICHA

private void swim(int k)

{

while (k > 1 && Tless(k/2, k))

{
exch(k, k/2); 1

k = k/2: "
} ~\ 50 (R)

parent of node at k is at k/2
L Rl
& ©

« llpunnun [lurepa. Y3en npoaBuraercs 10 YpOBHS
CBOCU HCKOMIICTCHTHOCTH



BcTaBka B nupamuae

. BcraBka. /I00aBUTh y3€1 B KOHEIL M IOJHUMATh €TI0
BBIIIIC

public void insert(Key x)
{

pa[++N] = x;

swim(N) ;

}

add key to heap
violates )'.'c‘u‘P order




Cnyck B nupamuae

. Ecim poguTenbCKuil y3€1 MEHBIIE OQHOTO (MU JIBYX )
TOYEPHUX

. IloMeHATH MEcTaMU POAUTEIBCKHAM U OONBIINN JOYCPHUM

private void sink(int k)

{
: 3 _ children of node at k
?hfle (2 k <= N) are 2k and 2k+1
int j = 2*k; // t/

if (3 < N && less(j, j+1)) j++;
if (!less(k, j)) break;

exch(k, j);

k = 3;

Top-down reheapify (sink)




YoanuTtb MakcumarnbHbIN y3en B
nupammae

« YJIAJIECHUE MAKCUMAJIBHOTO Yy3J1a. | loMEHATH KOPEHB C
MTOCJIEAHUM Y3JIOM U CITYCTUTh €I0 HUXKE

— ~ — -_— - ~ -

eeeeee the maximum
-~ Kk
(5] (R)
public Key delMax() 0 o _' o
{ ® ® © v
Key max = pq[1]; .
exch(1l, N--): e
sink(1); (5) (R)
pq[N+1] = null;

prevent loitering o o 0 o
remove nodae

return max;




buHapHaga nupamuaa

BceraBka. J100aBUTh y3€d B KOHEI[ U ITIOJJHUMATh €0
BBIIIIC

YnaneHnue MakCuMaiabHOro y3ia. IIoMeHsATh KOpeHb ¢
IOCJICAHUM Y3JI0M U CITYCTUTh €TI0 HHXKE

Buneo 1



buHapHaa nupamuaa. peanusauunsa Ha Java

public class MaxPQ<Key extends Comparable<Key>>
{

private Key[] pq;

private int N;

fixed capacity
(for simplicity)

public MaxPQ(int capacity)
{ pg = (Key[]) new Comparable[capacity+1]; }

public boolean isEmpty()

{ return N == 0; }

public void insert(Key key)
public Key delMax()

{ /* see previous code */ }

PQ ops

private void swim(int k)
private void sink(int k)
{ /* see previous code */ }

heap helper functions

private boolean less(int i, 1int j)

{ return pq[i].compareTo(pq[j]) < 0; }
private void exch(int i, int j)

{ Key t = pqlil; pqli] = pql[jl; pqljl = t; 1}

array helper functions



Peannsauna odyepean ¢ NpuopuUTeETOM

order-of-growth of running time for priority queue with N items

implementation

unordered array

ordered array N | 1
binary heap log N log N ]
d-ary heap logda N d logd N ]

Fibonacci I log N I

impossible «—— why impossible?

t amortized



Binary heap considerations

Immutability of keys.
« Assumption: client does not change keys while they're on the PQ.
« Best practice: use immutable keys.

Underflow and overflow.
« Underflow: throw exception if deleting from empty PQ.
e Overflow: add no-arg constructor and use resizing array.

\ leads to log N

amortized time per op
(how to make worst case?)

Minimum-oriented priority queue.
« Replace less() with greater().
 Implement greater().

Other operations.

« Remove an arbitrary item. ' o :
> can implement with sink() and swim() [stay tuned]
« Change the priority of an item.



Immutability: properties

Data type. Set of values and operations on those values.
Immutable data type. Can't change the data type value once created.

Advantages.
« Simplifies debugging.
« Safer in presence of hostile code.

« Simplifies concurrent programming.
« Safe to use as key in priority queue or symbol table.

Disadvantage. Must create new object for each data type value.

“ Classes should be immutable unless there's a very good reason T
Effective Java
to make them mutable.... If a class cannot be made immutable,

vou should still limit its mutability as much as possible. ”

— Joshua Bloch (Java architect)




I lupamunaabHas COPTUPOBKA
(Heapsort)



[lnpamunaganbHaa copTUpoBKa

. Cozmare nupamMuay u3 Bcex N KiIrodeu

» lloBTOPATH yHaeHne MakCUMaJIbHOTO KJTFOYa



[ lnpammnaganbHaga copTUpoBKa

start with array of keys
in arbitrary order

build a max-heap
(in place)

sorted result
(in place)




[lnpamunaganbHaa copTUpoBKa

. Koncrpykrop nupamuabl. Co3mark max nupaMuIy
BOCXOIAIUM METOIOM

. Bujueo 2

. Bumeo 3



[lnpamnganbHaga copTUpoBKa:
KOHCTPYKTOP

. IlepBoiit npoxoa. Co3nars MUpaMuay UCHOIb3Ys

BO CXOHﬂTTTTJﬁ ANTATNTT
for (int k = N/2; k >= 1; k--)
sink(a, k, N);

sink(3, 11)

(X)
Ry W
' : sink(2, 11)
sink(5, 11) o
(P) (L)
8 ™ © ©& ©&
sink(4, 11) Simkel, 210 (X
(T) (S)
©) (P) L ® &

® ® WD) = )
result ( ."h‘l!['-(.‘rdc'r{'al'.’



for (int k = N/2; k >= 1; k--)
sink(a, k, N);

sink(3, 11)

starting point (arbitrary order)

sink(5, 11)

Gge

sink(4, 11)

@
® ®

result (heap-ordered)



[lnpamunaganbHaa copTUpoBKa

. BTopou npoxo
«  YIAIITh MAKCUMYM OOYEPETHO

. BoccTaHOBUTH IMOPsAAOK B IIMPAMMKIC

while (N > 1)

{
exch(a, 1, N--);
sink(a, 1, N);

}




starting point {heap-ordered)

exch(1, 11)
sink(1, 10)

exch(i, 10)
sink(l1, 9

exch(l, &)
sink{l, 7)..7
E) W
R
exch{l, 7)
sink{1, 6)
P

exch{(l, 6)
sink(1, S)

% °

exch(l, 5)
sink(1l, 4) :

& w
exch(l, 4)
sink{l, 3)
®

exch(l, 3
sink{1, 2

exch(1l, 2)
sink{1, 1) (:)

result (sorted)



[lnpamnganbHaga copTUpoBKa:
peann3auunsa Ha Java

public class Heap

{
public static void sort(Comparable[] a)
{
int N = a.length;
for (int k = N/2; k >= 1; k--)
sink(a, k, N);
while (N > 1)
{
exch(a, 1, N);
sink(a, 1, --N);
}
}
private static void sink(Comparable[] a, int k, int N)
{ /* as before */ }
private static boolean less(Comparable[] a, int i, int j)
{ /* as before */ }
private static voith exch(Comparable[] a, int i, 1int j)
{ /* as before */
but convert from
} 1-based indexing to

0-base indexing




[ lnpammnaganbHaga copTUMpoBKa

ali]
N k g X 2 3 4 S5 &6 7 & 9210 11
initial values S O R T E X A M P L E
11 5 L E: E
¢ B b 4 0 M P
) 3 X R A
11 2 T = Sk M O
11 1 X T S R A
heap-ordered X I S B L R A M O E E
10 1 T P S @ L M E X
9 L S P R E A 2
8 1 R P E E A S
7 1 P O E M L R
6 1 O M E A L P
5 1 M L E A FE D
4 1 L E E A M
3 1 E & E L
2 2 & E A E
1 1 A E
sorted result A E E L. M O P R S F X

Heapsort trace (array contents just after each sink)



[ lnpammnaganbHaga copTUpoBKa

50 random items

A algorithm position
I I I messssm——— in Order
|

P not in order
http://www.sorting-algorithms.com/heap-sort



[lnpamnganbHaga copTUpoBKa:
MaTemMaTun4ecknun aHanums

[IepBbiit mpoxoa <= 2N CpaBHEHUH U MEPECTAHOBOK

Bropo#u nmpoxon <= 2N log N cpaBHeHui u
[IePECTAHOBOK

3HadYeHUE. AJITOPUTM, HE TPEOYIOIIUI
OOMNOJIHUTEIBLHON MaMATH U padoTaromui 3a NlogN B
XyAIIEM CIydac

» DbbICTpas COpTUPOBKA

. CopTupoBKa CIUSIHUEM

Hwoxnsa rpaduna. | lupamMugansHas COpTUPOBKA
OIITUMAJIbHA MO MaMATH U IO BPEMEHU

. BHyTpeHHUM UK JJIMHHEE, 4yeM Yy QQ-sort



selection

insertion

shell

quick

3-way quick

merge

heap

ANropUTMbl COPTUPOBKA

inplace?

stable?

worst dverage

N2/2 N2/2

N2/2 N2/4

N2/2 2NInN

N2/2 2NInN

Nlg N NligN

2NIgN 2NIgN

Nlg N NligN

remarks

N exchanges

use for small N or partially ordered

tight code, subquadratic

N log N probabilistic guarantee
fastest in practice

improves quicksort in presence
of duplicate keys

N log N guarantee, stable

N log N guarantee, in-place

holy sorting grail




