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OnpepneneHune ncyucrneHun

npeaukKaToB

OnpepeneHue 2.3. PyHKUMA 0OgHON UMK
HECKOINbKNX NepeMeHHbIX, KoTopasd
NPUHMMAaET Nnornyeckoe 3Ha4vyeHne "uctmHa”
UNn "NoXxe", Ha3blBaeTcAa npeankaTtom.

[lepemMeHHble NpeaukaTa Ha3blBaloTCH
npegMeTHbIMU NepeMeHHbIMW.



AndaBut

AI'I(I)aBVIT NCYUCNIEHMA BbICKA3bIBAHUN NONHOCTbIO BXOAUT B al'ld)aBVIT
UCHUCNEHNA NPEOANKATOB.

Bonbline natMHCKMe 6yKBbl NONY4aAOT B UCHNCNEHUM NPEAUKATOB
HOBbIM CMbICA: OHU MOTYyT 0603HaYaTb KaK NOCTOSIHHbIE BbICKa3blBaHMUSA
(Hanpumep: A, B ), Tak 1 NnepeMeHHble BbICKa3biBaHUA — NpeanKaThbl
(Hanpumep: F (x), G(x; y) ). Kpome TOro, B andaBUT NCYNCNEHUSA
npeanKaToB AOMNOAHUTENbHO NO CPABHEHUIO C UCHNCNEHNEM
BbICKa3blBaHUI BXOAAT

— MaJieHbKUe NaTUHCKUE BYKBbI C BO3MOXHbIMU MHAEKCAMMU,
Ha3biBaeMble NpegMETHbIMM NepemeHHbiMK (Hanpumep, y, x1, x2 ); oHu
0603Ha4YaloT HEKOTOPblE 0O6BEKTDLI, HO, B OT/IMYMUE OT NPeaMeTHbIX
KOHCTaHT, Ka*Kaaa U3 npeaMeTHbIX NepeMeHHbIX MoXKeT 0603HavaTb
Nntobon, cosepLleHHO NPOU3BO/IbHbIN OOBEKT;

— KBaHTOp BceobuwHOCTM V;

— KBaHTOp cyllecTBoBaHuA 3.



KBaHTOPbI

@nepaunn V n 3 BbiparkatoT cobom yTBEpKAEHNA BCEOOLWHOCTU U
CYLLLECTBOBAHUA COOTBETCTBEHHO.

MycTb R(x) — HeKoTopbIn NpeanKaT, NPUHUMAIOLWMN 3HAYEHUNE
"nctnHa” nam “noxe” anAa Kaxkaoro asnemeHTa X B HEKOTOPOU
npeameTHon obnactu Q. Torga nop,

BbipaxkeHnem Vx R(x)

NnoHUMaeTca: " 0214 Kaxcoo20 aniemeHmMa x obsaaacmu Q 8biCKa3bIBAHUE
R(x) ucmuHHO”.

A nop sbipaxeHmnem Ix R(x)

noHUMmaeTca: “cywecmayem anemeHm x obsacmu Q, 0719 Komopoz20
8bicKa3bieaHue R(x) ucmuHHO”.

[lepemeHHanA X B 3TUX BblpaXKeHUAX HA3bIBAETCA C830HHOU
nepemeHHoU.

[MpegmeTHaA nepemeHHas, He CBA3aHHAA HUKAKUM KBAHTOPOM,
Ha3blBaeTcA c80600HOU nepemeHHOU. ,



MHOXeCTBO akKCUMOM
ncuncrneHus npeankKkaTtoB

(ﬂ ( 3 ”.-)) — ((@ = B) — (a = 7)),

(~a — —3) — (8 — a),

a V 3 oznagaer (—a) — [3,

AS) a&3 oznavaer —((—a) V (—3)).A6) Vr a(xr) — alt)
A7) Vz (a — 3) — (a — Vx 3).

AKCMOMbI UCHUCINEHNSA NPeaMNKaTOB He coaepXkaT KBaHTopa
cywecTBoBaHuA. [Ans Toro, YTobbl BBECTU B UCHMUCIIEHMNE KBAHTOP
CYLLECTBOBAHUS, CBA)KEM €ro C KBAHTOPOM BCEODLLIHOCTH
onpeaeneHnem:

A1)
A2)
A3)
A4)

A5)

A8)dx R(x) sxkBupasienTHo —(Vxr -~R(x)).



I'Ipanma BbiBOAa UCHUCTIEHUA npeankKaTtoB

B uncyuncneHun npegmuKkatoB MmeeTcs ABa MNpaBuaa
BbIBOAA:

1. lNpasnno MP
a,a—

p

2. NpaBuno obobuweHna Gen
x

Vx a
9TO NpaBM/I0 NO3BONISIET HAaBELWWMBATb KBAHTOP
BCEOOLHOCTM NO NPOMN3BOSIbHOUN NEPEMEHHOMN.



Teopema 0 AeayKUUUN UCHUCTIEHUA

npeamnkKkaTtoB
Teopemy 0 AeAYKUMKU HENb3A NEePEeHeCTU Ha NCYMCNEHME NPEeaNKaTOB
B TOM e BUAe, B KAKOM OHa bblna chopmynmpoBaHa Ans
NCYMCNEHMUSA BbICKA3biBaHUWN. [TPpUUYMHA 3TOrO KPOETCS B HAIMUYUM
cBOOOAHbIX U CBA3AHHbIX NEPEMEHHDbIX.

Teopema 2.5 ( 0 ageaykuun).

[ycTtb [ — HEKoTopbIM CNUCOK popMyn U @ — oaHa dopmyna. Toraa
ecnu cywecteyet BbiBoa ', @ + [5, B KOTopom npaBuio 06ob6LeHms
Gen He NPUMEHAETCA HU NO KaKOM U3 NepeMeHHbIX, CBOOOAHbIX B
dopmyne «a, To cywectesyet BbiBog ' H @ = [5, B KOTOPOM NpaBmao
Gen NPUMEHSAETCA NO TEM e NepeMeHHbIM, N0 KOTOPbIM OHO
npumeHANoCcb B ucxogHom sbisoge I a + f5.



Teopema 0 AeayKUUUN UCHUCTIEHUA

n e,ﬁl,VIKaT B
A oKasatenbcrBo. [ycTb NOCTPOEH BbIBOA GOPMY/bI 5 U3 COBOKYNHOCTH

rmnotes ', a : By, B,, ..., B,

TaK e, KaK 1 nNpu A0Ka3aTeNbCTBE TEOpPEMbI O AeAYKUUKN ANA
MCYNCNEHUA BbICKA3bIBaHUMN BOCMNO/b3yeMCA MHAYKLUMEN MO /i B BbIBOAE
f n3 T, a. JonoOAHUTENBHO K BapMaHTam, PAaCCMOTPEHHbIM NpK
NOKa3aTeNbCTBE TEOPEMbI ANA UCYUCIEHUSA BbICKA3biBaHUN, B
NCYNCNEHNU NPEANKATOB MMEETCA elle TO/IbKO OAUH BapUaHT BbIBOAA:
dopmyna f; nonyyeHa B pesynbrate NpuMeHeHua npasmaa Gen K
HEKOTOPOM npeALuecTtsytollein popmyne f;, j < i. Toraa popmyna f;
A0/KHA MMeTb BMA, VX B 1 MO yC/I0BMIO TEOPEMbI NepeMeHHas

X He AONXKHa BXOAUTb B @ cBOHOAHO. [10 MHAYKTUBHOMY
npeanonoxenuwo I' - a — f;.

Paccmotpum BbiBog, 7 (@ — ;) ( Gen),
Vr (a — 3;) — (o — Vx 3;) ( akcnoma AD),

J
a — Yx 3; ( npasmio MP).

Tak Kak f; = Vx fB;, To u3 I nonyunnm fokasatenscrteo a — f;.



IIpumep 1. [okaxem a(t) — Iz a(z):

1) a(t) (mocbuika),

2) Vz ma(zr) — -a(t), (akcnoma A6)

3) (Vz ma(zr) — -a(t)) — (a(t) — -Vzr ~a(x)), (axcmoma A3) ,
4) a(t) — Vz na(z), ( MP 2,3)

5) =Vz -a(z), (MP 4.1)

6) -Vz —a(z) = 3z a(z), (ouperenenne A8)

7) 3z a(x), (moacranoska 6 B 5)

8) a(t) — 3z a(z). (Treopema o geayKIuH).

HOJI)"IHJIH AOIMNOJTHHTE/IBHOE ITPaBWJIO BBIBO/JIa B HCHHCJ/ICHHH ITPEAHKATOB

a(t)
3z a(z)




TeopeMbl O NONTHOTE

Mol y>Xe ynoMuHanu noHsATue obesHadymmMocT dopmyn, NoHUMas
no4d HAMU Takne opMyrbl, KOTOpble NMPUHMMAIOT 3Ha4YeHne "ncTmHa”
Npu BCeX 3HAYEHUNAX BXOASALLMX B 3Ty POPMYny NnepeMeHHbIX
BbiCKa3bIiBaHUW. JTlobasa maTemaTmnyeckasi Teopusi UHTEPECHA He
TONbLKO camMa No cebe, HO U C TOYKU 3PEHUST €€ NPUSTOXKEHUS B
NPaKTUYECKUNX Liensx.

dopmynbl UCYUNCIIEHUSA BbICKa3blBAHNN MOTYT MUMETb HEKOTOPbIW
CMbICI M 0603Ha4YaTb HEKOTOPbLIE BbICKa3blBAHNSI ECTECTBEHHOIO
A13blKa, €CIN CYLLECTBYET Kakasa—nmbo uHmepripemauyus
MaTemaTtnyeckon Teopun. [loBops HedpopmarbHO, UHTEPNPETNPOBATL
MaTeMaTUYECKYH TEOPUIO — ITO 3HAYUT CBA3ATb C HEWU HEKOTOPYHO
NpeaMETHY0 00nacTb N yKkasaTb COOTBETCTBUE PpOpMaSibHbIX
OOBEKTOB MareMaTU4eCcKon Teopmmn n o0bEKTOB JaHHOW NpeaMETHOM
obnacTw.

OnpepeneHue 2.5. Dopmyna HasbiBaeTcAa 00LLE3HAYMMOWN,
€CInn OHa UCTUHHA NMpu NMtodOON MHTEPNPETALIUN.

JNNornyeckasa doopmanbHasa Teopusi HasbiBaeTCs NONMHOW, ecrnn
nodasg dopmMvina BbIBOOMMA B 3TON TEODUU Toraa v Tonbko



TeopeMmMbl O NONHOTE

[dONHOTa TEOPUM FraPaHTUPYET, YTO BO—MEPBbIX, TEOPUA COAELPKUT BCE
Heobxognmoe ana GpopmanbHOro BbiBOAa, @ BO—BTOPbIX, YTO HUYETO
JNINWHEro N HEBEPHOrO B 3TOM TEOPUM BbIBECTU HENb3A.

Ecnm Teopua nonHa, AOCTAaTOMHO NPOCTO NepebupaTb BCE BapPMaAHTDI
BbIBOJOB B 3TOM TEOPUM M NONYYaTb PasInyHble obLe3Ha4Ynmble
dopmynbl (Teopembl).

OAHaKo, UCTOPUS MAaTEMATUKN NOKA3bIBAET, YTO CYLLLECTBYIOT OYEHb
TPYAHble TeOPEeMbl, MOUCK A0KA3aTeNbCTBA KOTOPbIX TpebyeT 6onbLumnx
TBOPYECKUX YCUNNN U BPEMEHHbIX 3aTPaT. 9TO HABOAUT Ha

MbIC/1b, YTO NOJIHOTA MaTEMATUYECKNX TEOPUIN — A0CTAaTOYHO peaKoe
CBOMCTBO. TaK OHO N eCTb Ha CaMOM Jiene.

NcuncneHune BbICKa3biBaHUN ABAAETCA OAHOW N3 BECbMaA PeaKUX
TEOPUW, ANA KOTOPbIX BbINONIHAETCA CBOMCTBO NO/IHOTbI.

Teopema 2.7 ( 0 noNHOTEe UcUUCNEeHUA BbiCKasbiBaHUM). Popmyna a
BbIBOAMMA B UCHUC/IEHUMN BbICKa3blBaHWM TOrAa U TO/IbKO TOrAa, Koraa
OHa obLe3HaYnma. 11



TeopeMmMbl O NONTHOTE

JAormyeckoe McYNCcNeHne Ha3blBaeTCA HENMPOMUBOPEYUBLIM, ECNN B
HEM HeNb3s OAHOBPEMEHHO BbiBECTU dopmyny & n popmyny «.

CnepctBue. VicuncneHume BbiCKasbiBaHWIM HEMPOTUBOPEUMBO.
[loKa3aTtenbcrBo. [1yCTb B UCYMCIEHUM BbICKA3bIBAHUIM MMEETCA TaKas
dopmyna a,uyto + a n - a . Toraa no Teopeme o nNosHoTe GoPMYy/bl
a W @ ABNAOTCA 06LWEe3HAYMMbIMU, YTO HEBO3MOXKHO.

B ncuncneHmun npeamnKaToB HeNb3A FOBOPUTb O MOSIHOTE B TAKOM Ke
CMbICNE, YTO N B UCYNC/IEHMUWN BbICKa3bIBaHMM. [103TOMY roBOpPAT O
MO/IHOTE B LUMPOKOM W B Y3KOM CMbICNEe. JTorMyeckan cuctema rnosHa
8 WUPOKOM CMbICse, eCIN BCAKAs TOXAECTBEHHO UCTUHHAA Gopmyna
BbIBOAMMA B 3TOMN cucTeme. Jlornyeckas cuctema HasbiBaeTca rnosHoul
8 Y3KOM CMbIcCse, eCNN Henb3A 6e3 NpoTUBopeUYns NPUCoeanHUTL K
ee akCMOMaM B KayecTBe HOBOWM aKCMOMbI HMKAKYHO He BbIBOAMMYIO B
Hel dopmyny Tak, YToObl NONYyYEHHAs NPU 3TOM cucTema bbina
HenpoTnsopeumBa. McyucseHue 8bICKA3bI8AHUU NOMHO 8 WUPOKOM
U 8 y3KOM CMbicre. 12



Teopembl O NONTHOTE

B oTnnuyme oT ucumcnenuns BoickasbiBaHUA OJ1S1 UCYUCTIEHUS
NnpeankaToB CyLLECTBYET HefokadyeMas Tam doopmyna, KOTOpYHo
6e3 NnpoTNBOPEYNS MOXKHO NMPUCOEANHUTL K CUCTEME aKCUOM:

dx(F(x)) — Vz(F(x)).
Teopema 2.8. VicuncneHme npegnkaTtoB He NOJSTHO B Y3KOM
CMbICIie.

Teopema 2.9. (Teopema 0 NONMMTHOTE UCYUCTIEHUA NPEeANKATOB —
Teopema 'egens.) Bcakaa ToxxgectBeHHO UCTUHHAA dpopmyna
BbIBOAMMaA B UCHUCNEHUN npeankaToB. MHave roeBops,
NcUYNCNEHne npeaukaTos MOSTHO TOSTbKO B LUMPOKOM CMbICIIE.



Jlornyeckoe cnegcreue

©npepeneHue 2.6. Dopmyna S Ha3blBaeTcA
NIOrnM4yeckmnm cneacrsmem Gpopmynbl

(unam [ normnyeckn cnepyet U3 ) Toraa n TONbKO
TOrAaa, Koraa Ana BCAKOU MHTepnpeTauumn, Ha
KOTOpon popmyna a UCTUHHA, S TOXE UCTUHHA.

o 3 3 aBasiercs JIOTHYeCKHM CJICJICTBHEM
JOZKb JIOZKDb HCTHHa ((.‘(‘.’Ill (v JIOJKb, TO 3HAYEHHE /3 MOXKeT ObITh .’11061)]3\[)
JO0ZKb HCTHHa HCTHHa
HCTHHa JIOZKDb JIOZKD
HCTHHa | HCTHHa HCTHHAa

[lonyuennas Tabimna copnajgaer ¢ Tabiauieil HCTHHHOCTH JIOTHYECKOIT onepanun = — ',
MO3TOMY eciH (popMy/ia 3 Ha3bIBAETCH JOIHYECKHM CJIeJcTBHEM (DOPMYJIBI (@, TO MOYKHO

3anmmcaTth a — 3 = true.

14



Jlornyeckoe cnegcreue

RaccmoTpum onpeaeneHmne NorM4eckoro cnencTema He ns ogHom Gopmynbl,
a U3 MHoOXKecTBa popmy/. ECTeCTBEHHO CYUTATb, YTO HAa UCTUHHOCTb
CNeacTBMA A0NKHA OKa3biBaTb BIMAHUE NUCTUHHOCTb BCEX MCXOAHbIX
dbopmyn oagHoBpeMEHHO. [TO3TOMY MMEEeT CMbICN B KaYeCTBE OLEHKMU
MCTUHHOCTWN PAacCCMOTPETb KOHBHOHKLMIO MOCHINOK.

Onpenenenne 2.7. @opmyna [ Ha3bIBaeTCs JIOTHYECKHM CJI€CTBHEM (hOpMYyIT Q.

Qi (v, (Mm 3 JIOrHYeCKH cjlejlyeT H3 Q;, (..., (x,) TOrJa U TOJILKO TOrja, Korja /s
BCAKOIT HHTepHpeTalni, Ha KoTopoii dhopmyna oy &as&...&ay, nerunna, 3 Toxke neTHHHA.

Teopema 2.10. MycTtb f — nornyeckoe cneacreme ¢opmynbl a. Toraa
a&f =a

15



MeToA pe3oniounu

@AHMM 13 cnocoboB NONYyYEeHUsA BbIBOAOB ABAAETCA METOA Pe30HLUN.
MpeanoxeHHbin B 1965 roay K. PObnHCcOHOM 3TOT meToa no3Bonaer
NONYYUTb MAKCMMANbHO CU/IbHOE CeACTBME MHOXKecTBa popmyn C
NOMOLLbIO CUCTEMATMYECKOM NpoLeaypbl NOC/1eA0BaTeNIbHOIO NOCTPOEHUA
Normyeckux cneacrsun. Metoa ncnonb3yet TOT GaKT, YTO €CI HEKOTopasn
dbopmyna ABnseTcA HeBbINOJIHUMOM, TO Hanbonee cnnbHoe cneacTemne
3TON PopMynbl — KOHCTAHTA false.

OnpepeneHune 2.8. PezonbBeHTON ABYX AN3bOHKTOB D1V L n
D2V L Ha3biBaeTca an3boHKT D1V D2.

Teopema 2.11. Pe3onbBeHTa ABNALTCA IOTMYECKUM CNeacTBUEM
NOPOXKAAOLNX €€ AN3BIOHKTOB.

NaHbl npeanoxkenuna: D1 =LV D1’ ,D2=LVvD2' ,rneL -
npono3unumoHanbHasa bykea, D1’ u D2' — npeanoxkeHua (B 4aCTHOCTU, NyCTble
NN coaeprallme TOIbKO 0AHY BYKBY UK ee OTpULLaHKE).

Mpasuno pesontoumnm popmyaunpyetcatak: D1, D2 |—D1’ vD2' .D1,D2
Ha3blBAOTCA pe3onbsupyemovimu npeooxcenuimu, a D1 'V D2' —

PE3OIbEEHNOU. e



Teopema 2.11. Pe3onbBenTa siBisieTcsi JIOPHYECKHM CJIEJACTBHEM MOPOXKIAIOIINX €€
U3 bIOHKTOB.

HoxkazarenscrBo. [lyers pansl aBa ausbionkra Dy V L u Dy V - L. B coorBercrBun
C OompeIeIeHHeM JIOTHYECKOro CJIeJACTBHS U3 MHOXKecTBa (hopMmys1 paccMoTpuM (hopMyITy
(Dy V L)&(D5 V L), norudeckoe cjiejicTBHE W3 KOTOPOii HaM HYKHO paccmorperts. [lo
onpeaenennio Dy V D, siBiasieTcst JIOTHYECKHM CJIEJCTBHEM JIH3BIOHKTOB, €C/IH ITPH HCTHH-
HoctH (Dy V L)& (D2 V - L) dopmyna Dy V Dy ncrunna. [Iposepum stor dakt, Bocnosis-
30BaBIINCH ITPOBEPKOIl OOMIE3HAYMHMOCTH BBIPayKeHusl IPH JII000i HHTEepIPeTAIHN:

(D1V L)&(Dy VL)) — (DyV Dy) =

— (D1&Dy V Dy(~L) V Do& LV L&(~L) — (Dy V Dy) =
= (DI&DQ V Dl("L) V DQ&L) — (D] V Dg) =

= '\(D]&Dz V Dl('\L) V DQ&L) V (Dl V D2)

O6IIle3Ha‘IHMOCTb VYKa3aHHOI'O BbIpazK€HHH 3KBHBaAJIEHTa HEBLIIIOJTHHMOCTH €ro orpHliia-
HH. I'IpOBepuM 3TO!

(=(D1&D; V Dy(-L) V Dok L) V (D1 V Ds)) =

= (D1/&D, V Dy(~L) V D& L)&~(Dy V Dy) =

= (D1&D5 V Dy(-L) V D& L) (-Dy&—Ds) =

= DI&DQ&—'DI&—‘Dg V Dl(ﬁL)&—'Dl&—'Dg V DQ&L&“DI&-‘DQ =
= falseV false V false = false.

TO)K,ZIGCTBCHH&SI JIOZKHOCTDL BbIDAazK€HHI JIOKa3bIBaeT TEOpeMY. O
1/
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[IpuMepbI NPUMEHEHNUA METOAA PE3OMIOLIUA

[Tpumep 1. MeTooom pesonouun gokasaTb Teopemy |—-A—>
(A— B).

[loKkasaTtenbCcTBO. 3anuem MHBEPCUD NCXOOQHOW dpopMYynbi:
(mA—(A— B)).

3aMeHNM BCe MMNIMKaLMn No COOTBETCTBYOLLEN popmyne:
“("A—(A— B)) = (mAV (FAV B)).

[IpMeHNM 3aKOH OBOUMHOIO oTpuuaHua 1 3akoH ge MopraHa:
("A—(A— B))=(AV (CAV B))=AA-(AV B) =

= —|A/\—|—|A/\—|B = —|A/\ A/\—lB _

[Tonyyaem npegnoxeHuda: 7A, A, 7B. Pe3onbBupyem ux:

1. 7A — npegnoxeHue.

2. A — npegnoxeHwue.

3. 7B — npegnoxeHwue.

4. O R1, 2.



[TpnmMepbl NpUMEHeHNA MeToAa PE30OLUNIAG

[Tpumep 2. MeTooom pesontounn gokasaTb Teopemy
|—A—>(B—> AN B).

[oka3aTtenbCcTBO. 3anuemM MHBEPCUIO NCXOOQHOW POpMYIbI:
“(A—(B— AA B)).

3aMeHMM BCE UMNIMKaLMM No COOTBETCTBYIOLLEN popMyrie:
(A—(B— AA B)) =(7AV ("B V AA B)).

[IpMeHMM 3aKOH ABOWMHOIo oTpuLaHna u 3akoH ae MopraHa:
(A—(B— AA B)) ="AA-("BV (AA B)) =

=AA B A(AA B)=AA B A (TFAV ~B).

Nonyyaem npegnoxenus: A, B, AV -B.

1. A — npegnoXxeHue.

2. B — npennoxeHue.

3. 7AV B — npeanoxeHue.

4.7°B. R 1, 3.

5.0 R2,4.




