


Question 1.-A sequence a,n=123,...,
satisfies

a) Use the definition of limit to obtain a
sandwich inequality for a .

Solution: Since the limit of (2 —1)a 1s 16 we
have:

Set then
That 1s,



b) Conclu at

and find \
We have

Therefore
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Question 2.-A sequence )3, . 1S

: : X TX
defined by the relationship x, =-—“1—"=
2
and the mitial conditions x, =a, x, = b.
Find limx .
n—ao0

Solution. We begin with finding an explieit
expression for the general term of the
sequence x .

Let us try the following formula: x = cA".

X=n12"22>0/1n=lcln lln.

Divide both sides by ¢ 1" to obtain 1° =1 > A - 1
()r)Lz_E —-1=0=4 =1 4, = %

N



Thus, we found two sequences that satisfy the
xn—l T xn—2

2
) —gand 3 =c,(~3.

n
Do any of these sequences satisfy the 1nitial

conditions X, =a,x,= b?

Well, if a =0, then the first sequence with ¢ =,
(1) satigfies the initial conditions.

n

If b=-"a, then the second sequence with
c,=—2a, x<2> — a(satll,gﬁés the initial
conditions.

defining relationship x =

But what should we do 1f @ and b are arbitrary?



Well, we can consider linear combination of
the two obtained sequences x =c, +c,(—3)".
Let us check that this linear combination

: : : X +X
indeed satisfies the equation x, =~ > 2
We have
1\»—1 1 \1—2
X T X, G +6(=3) +o+a0H)
2 2
)" +(-1%
i 1y2 \ 2 2

=¢ +6,(=7)'=x,.



Now all we have to do 1s to find the values of
¢, and ¢, such that our sequence also
satisfties the 1nitial conditions:

X, =¢ +c,(—3)=g,
e C, D
For the values ot arbitrary constants ¢ ‘and e,
we obtain 3¢, = q +2b, 0, ==}
a+2b 4

Thus x = 3 (b a)(—=+)".

Now the limit 5 1S not d1fﬁcult to find:

| — I 2 i
Imx =sa+30b.

n—>0




To find the sequence that satisfies the defining
relatlons‘h%p' = ,B X, +yx ,,
and the initial conditions x =a,x, =D we
have to:

1. Write down the characteristic equation
A —BAi—y=0
and obtain its roots Al : /12,
2. Write down the general formula for x :
x =c, A +c, A,
and find the values of constants ¢, and ¢,

such that x =a, x,=0b.



Question 3 a). Find the following limit

limsin
) 11— 0
Solution: We have

sin(ﬂ\/n2 +1) = sin(ﬂ\/n2 +1—

= sin(n\/n2 +1-— 71'71) cos(mn)

n 71'1’1)

+ COS 71'\/112 +1—7rn) S1

= sin(ﬂ\/n2 +1 —7'[71) (-1)".



ml—nz

:( n°+1-n \/n2+1¢n =
, \/n2+1-|—n
:\/n2+1+n.

The obtained identity yields
sin(ﬂ\/n2 +1 ): sin(ﬂ\/n2 +1-— 77:11) (—

= S1n

4 - A

\\/n2+1+n/

(=D".



Therefore we can use the following sandwich

inequality

\
—sin i Ssin(ﬂ\/n2 +1)£
\\/ n"+1+n 4 - A
<sin :
e . QY ey
Since sin x 1S a continuous function we obtain
( o A ( h )
lim sin =sin| lim
e \\/n2+1+n/ \’wa/n2+l+n/
=sin( =0.

Hence, the sandwich theorem tells us that

n—>0

limsin(n\/n2 | ): 0.




Question 4. State a (positive) definition of a
divergent sequence {x |.

Solution: We begin with the definition of a
convergent sequence.

A sequence {x | converges to a number L, if

Ve>0,dN,Vn> N:|x —L|<E&.

A sequence {x | does not converges to a
number L, 1f

16 >0,VN,dn>N:|x —L|>¢.
A sequence {x | 1s divergent, it it does not
converges to any number L.




Question 5. Draw the curve defined by the

equation |im ”\/ X
. n—>0
in the x y—plane.

Solution. To begin wit

+|y| =1

n, we calculate the limait

lim 4] x

n—>0

Tyl

in the particular case x=—"7, y=5.

Wehave |-7['<|-7"+|5['<2|-"A.

7 |<%)|-7

Hence,

"5 <42 ]-7)

Since |im {2 saridwich theorem

n—o0

tells us that [im ’{/ | —

Nn—»a0

RS =|-7|="7.



Now we can 11

the limit lim ’{/ x|"+]y
N—>00

Note the following double inequality

(max(| x|, y )" <|x"

Hence

max(| x || y ) <K/l x [ +]y [ <
<42 max(| x|,




Since |1m

n—>0

tells us that

lim 4| x| +] y Ly D).

n—»0
Thus, we have to draw the curve defi

the equation

max(| x|,/ y[)=1.



Let us loo e x)—plane:

max(| x4, y[) =y
y=—X y=1 Ay y=X

1--

= —|

max(| x|,| ) = 3

max(| x[[| y|) =—y




The graph o

e curve [1m ’{/ | x
n—a0

‘I’l




Question 6. Use the definition of convergent
sequence to obtain-a sandwich imnequality for
the sequence

X :(“007 I e 123
1008 n

and find the limit of this sequence.
S11171

Solution: The sequence p =
converges to 0. L

Therefore, according to the definition of the

mit, Ve >0,3N,Vn>N:|y —0|<e;

Choose ¢ :and-ldenote N — the

2016 correspondmg value of V.



The definiti .tells us that
I _smas 1o n>N,.

2016 n 20
1007 1 1007  smn 1007 = 1
= < |
1008 2016 1008 m 008 2016
- 2013 _ 1007 sinn 20

2016 1008 n 2016

Therefore we obtain the following sandwi
1nequa11ty for our sequence x

1007 | S1nz P 20]
201 1008' n ) L2016

forall »n >




Now the sa ich theorem tells us that
(1007 | Inn

lim |
1008 n

n—»a0




