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XACAHOBW/Y



[ loHATKE YncnoBoU PYHKLUN

* [lepemeHHON BENNMYMHON Byaem HasbiBaTb
YMCMOBYIO BENUYMHY, KOTOpas B M3y4YaeMou
3agade nNpuUHUMaeT pasfnnyHble 3Ha4YeHud.
BennynHa, npuHumatowlasa TornbKo OAHO
3HayeHue, eCTb YacTHbIXN cryyYau nepeMeHHOW.
Ee Ha3bIiBalOT MOCTOAHHOW BENTMYUNHOU UMK
KOHCTaHTOMW.

* Ecnun B n3ydyaemoun 3agade HeCKOMNbKO
nepemMeHHbIX, TO pa3nu4yarT 3aBUCUMbIE U
He3aBUCUMble NepeMeHHble. TaKkoBbIMU
nepemMeHHble ABNAKTCA NLLL MO OTHOLLEHWIO ApYr
K OpYry, n Ux pasnuyne onpenensercs ycrioBUeM
3afaumn.



Ecnu kaxxgomy yncny x CTaBUTCHA B COOTBETCTBME OHO,
onpeneneHHoe no npasuny f, YACNo — 3HavyeHne
YMCNOBOW NEPEMEHHOW Yy, TO TOBOPAT, YTO HA MHOXECTBE
X 3agaHa ogHo3HadHasa (PYHKUWUA, UK NMPOCTO
dyHKUMA, 1 NnwyT y=f(x) x € X.

[TlepeMeHHYI0 x Ha3bIBalOT apryMeHTOM, MHOXXECTBO X —
obrnacTbto onpegeneHnss PyHKUMK .

MHO>XXeCTBO BCEX 3HAYEHUN MEPEMEHHOMN v,
NOCTaBJfIEHHbIX B COOTBETCTBME 3HAYEHUAM aprymMmeHTa X
N3 MHOXeCTBa X, Ha3blBalOT MHOXXECTBOM 3HA4YEHUN
dyHkumm y = f(x). ObosHauymnm ero dykeom Y.

OyHKUMA y=f(x) NONHOCTLIO OnpeaerneHa, ecnu
M3BeCTHa obrnacTb ee onpeneneHnsa X u ansi KaXxgoro
3Ha4YeHUs aprymeHTa x n3 obnacrtu onpegeneHnsa X
N3BECTHO COOTBETCTBYIOLLIEE EMY 3HAYEHNE Yy UMN
M3BECTHO NpaBuno f, N0 KOTOPOMY MOXET ObITb HANOEHO



[penen yHKUKK K ero CBOKCTBA

llycrb f(x) — dykixurn Henpepbiskoro aprymenra. Yucno A
Ha3biBaeTca mpeAenom dyHKUMA Y = f(x) npn x=x, ecmn as
“K@KA0rO.CKOMb YrOAHO MAnoro yucna € > 0 MOXHO ykasaTb 3asi-
csiee ot € uucno O{g) > 0 Takoe, 4To 1715 BCEX X, YA0BAETBOPAIOLLHX

sepasencray [x = x| <8, umeer wecro vepasencao A = f{x)
B hopManu30BaHHOH (hopme 3T0 3amMChIBAETCH TaK:
Im f(x)zA
X=X,

<.
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ot o =, i £ crpemcn 0, o e uman
BeCKOHeNHO ManoH BENHHHO (1 Anocro DecosesHo wanoi)
B OKDECTHOCTH TOW .. DECKOHESHO N Ha MRAKTHKE acro
oBoatasair roeseci Oyeaa , B, 7 Moavep Geckoreu

vl s, (= o= 6 i x, BE et e
yEsnyommx=lann '




a) Ecimt yHKuns f(x) MMEET IPH x - a KOHEYHbLI IPELE, PABHBI YuCIY
A, 10 0Ha npeAcTasuma B Bue f(x)= 4+alx), r1e alx) GeCKOHEYHO MAAA IPH
X=4a,

0) Ecaut Qykums f(x) npeacrasuma 8 suge f(x)= A+alx), rae alx) Gec-

KOHEYHO MAIA (DYHKLHMA IPH x = a, 10 A=lim f(x).

J=

0



Cnpaseg/mBbl CredylolMe CBOUCTBA MPERencs.

1. Ecav npeen (yHKuUHA CYLIECTBYET, TO OH EIUHCTBEHEH.

2. Tipenen NOCTOAHHOM BEMMUMHDI PABEH CAMOM MOCTOSHHOW,
- 3. Ecnv nipu X=X, CYWECTBYIOT KOHeurbie Npeaentl (yHKUMA
{4) n g, T , . -

Tim [of (x)+bgle)l=a lim f(x)+b lim

i bt liy el b
rae a u b ~— uwcna. N

g, Jim [f(x)g()l= Jim flx)- lim g(x)

oA L AL A

5. xl_igr;cof(X)/g(X)=xljg}of(x)/xljz;;%g(x), e limg(x)#0.



3ameyaHue: PasHOCTb ABYX (ODYHKUMN DECKOHEYHO
DonbLUKX MPU X — a ,UMEILLINX 3HaYEHNS OQNHAKOBbIX
3HaKOB, HeornpeaereHa; HeornpeaeneHbl Takke YacTHoe
OBYX O€CKOHEYHO B60osbLIMX PYHKLUUIN, YHaCTHOE ABYX
6EeCKOHEYHO ManbIX PYHKUMK, NpOu3BeaeHNE
beckoHeYHOo Marion n 6ecKkoHeYHo bonbLIon yHKUMA. B

9TOM CJIydac roBopAT O HCOIIPCA o 0
0 —o0, —. — | 0-o0

a0 ()

J1J1s1 HaXO0KIEHYS IPELIEIa BEIPAKEHUSA CIIEAYET PACKPHIThH
COOTBETCTBYIOIYIO HEOTIPEAECIIEHHOCTb.



3amMedaTteribHble rnpeaerbl
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B Kkavecrse npumepa BbluMCAMM fBa Npefena.

o drtl 2&3_”1_ 2-1)41

| PR - S, i

oD 3+ 3+lmr 3+(-1)

x=l

Cox=2 L x=
m —— = M —————= lim —
-2y ~4 x—>2(x+2)(x-2) X2 x+7




OnpeaeneHue NDPOU3BOLHON
FCnM CyLECTYer KOHEUHbIE Tegen OTHOLEHHS

i L A= 7).
Ax—0 Ax
10 yHKuMs f{x). HasbiBaeTca ,qucbtpepeﬁuupyemou B TOUKe X, a

3HA4EHHE NPEASNA HA3bIBAETCA NPOH3IBORHOM O cpyuxunu f(x) B
TO4Ke X ¥ 0003HaYaeTca

I f(HAI) f() ()_ f()

m -
A0 Ax

=/



f(x, +AXx)

x0+Ax



[TycTb f(x) onpeoeneHa Ha HEKOTOPOM NMPOMEXYTKe (a, b).
Torga TaHreHc yrna HaknoHa cekyweun MP k rpaduky

doyHKL M.

imtgp = IimA—f = f'(x,) =tga,

Ax—0 Ax-0 Ax

rae a - yron HakrnoHa KkacartenbHOU K rpadounky yHKUUK f(x)
B TO4Ke (x,, f(x,)).



=1 ’(c)(b-a).

f(b)- f(a)

" _

N NN ERERREN.

f(b)

f(a)



- [lnA TPAKTHHECKOTO MDAMEHEHA MATEMATHAECKOMO aHankia.
B3EH ELLE H MEXEHHHECK/I! CMBCA T0v3B0HOH, Ecn nporigensid
YT €CTh HIBECTHaR hyhiyia apenei § = 1), 70 e¢ nponssopvas
(] paeha CKOpOCTH ABHNEEHA B KaXDbIH MONET Bpenes t, B
obuen crysae npousodhas onucsiaem cropacms LakexenuA
UKL TR HOMESEHAA ZTYMEHTA HESZBHCAMO O QHOHHECKOrO
CBICA BEMHWHb, OTCHIBAENQH 3T0H yKLped,



OcHosHblie npasuna OuddepeHumposarma. |
1. NpoussogHasa nuHelHON KOMOUHAUMKU OYHKUWM:

(cifi(x)+cfa(x)) = i f) (x)+e./(x).

Hanpumep: (6 sin x—2 In x)’ = 6 cos x— 124 |

| X
2. MponssoaHas nNpousseseHUs chyHKUMH: -
{gx)) =1(x) gx) + f(x) g ().
| 1

Hanpumep: (Inx-cosx)' = — -cosx—Inx-sinx.
| X

3. MpousBoaHas HaCTHOro ABYX HYHKLMIL:

(f((‘{))) (%) - glx)- (];(x)x%"(x), - - Haﬂpwmeb:
g\X g (x |
(tgx),:Sin X_C'OSXXCOS,,X;(;SiHX)XSinxz 1

COS X | cos’ x cos’ x



I Ipon3BOJIHEIE OCHOBHBIX RJIEMEHTAPHBIX (DVHKITHIA.

HC =0
2(x™Y = mx™";
' T
3 —
) (V) 2./x

9) (sinx) = cosx
10) (cosx) = —sinx

11) (tgx) =

cos? X

12) (cigx) = -

13) (arcsinx) = 1

1—x

14) (arccosx) = - 1

1-x

15) (arctgx) =

1+ x°

A
Sl X

2

16) (arcctgx) = - !

2

1




ITpon3BoaHAS CIOKHOH (DYHKITHH.

Teopema. /lycms y = f(x); u = g(x), npuuem obnracms 3HaveHuti yHKyuy u 6xooum 6
obaacms onpeoenenust (Pynkyuu f.

Toeoa | y' = f'(u)-u’

[Mpumep. HauTu Npon3BOAHYO PYHKLMN

. T
y = XCOSXSinX + Ecos2 X

CHauana npeobpasyem gaHHY0 (PYHKLUMIO:

y = lsin2x—|—lc:o§ X
2 2

y' = 12sin2x+ 12x20032x+ 122cosx(—sinx) = %sin2x+ X COS2X — SiNXCOSX = X COS2X.



ﬂm@c@;epeﬂﬂuamm df{x} (pynxw f(x) B TOUKE X HA3bIBALTCH

M0OK3BEEHUE NPOU3BOJHOW OT (hyHKUMM f{X) B 3TN TOUKe HA
BE/MUUHY NPHDALIEHIS apryMeTa AX:

df (x) = [f'(x)dx.






[ipou3sBogHbIe BbICWWX MOPAKKOB

(' ()= f”(x)——d /5,

1) = (1)

d f(x) = d (d“'(x)) = ... =P x)dx"



VIHTerpanbHoe nc4ymcrneHue.

[MlepBOOOpa3Haa hyHKUMA.

DyHKUMA F(x) Ha3blBaeTCcA NepBoobpasHON
doyHKUMEN dPyHKUMK f(x) Ha oTpesKe [a, b], ecnn B
00O TOUKE 3TOro OTpe3Ka BEPHO PaBEHCTBO:
F'(x) = f(x).

Hapgo oTMeTuTb, YTO NnepBoobpa3sHbIX ANs
OHOMN N TOW e PYHKLIMN MOXKET ObITb
6beckoHe4yHO MHoro. OHK DyayT oTnnYaTbCcs apyr
OT ApYyra Ha HEKOTOpPOe NOCTOAHHOE YUCIO.

F}(X):FQ(XM.



HeonpeaeneHHbIU MHTerparn.

OnpeneneHue:
HeonpegeneHHbIM MHTErpanom
doyHKUMM f(x) Ha3bIBAETCA
COBOKYMHOCTb NepBo0bpa3HbIX
doyHKL NI, KOTOPbIE ONpeaeneH.Ll
COOTHOLLUEHMNEM:

+ C.
3aHI/ICBIBa}OTIJ. ()dX F&j)‘F C



CpolicTBA:

L ] = () -0 =
2 d([ f (x)dx): f(x)dx;
3 :dF(x) =F(x)+C;

4. '(u +V-w)dx = JUdX + Ivdx — J wdx; TIe u, v, W — HEKOTOPBIE (DYHKIUH OT X.

1. IC- f(x)dx:C-J f(x)dx;

pmyep: J(x2 - 2sinx+1)dx = szdx—stinxdx+jdx:%x3 +2008X+ X+C;



Hurerpan JHaueHHe Hurerpain JHauYeHHE
.tgxdx -ln|COSX +C 9 [ o* cly e +C
 ctgxdx In] sinx |+ C 10| [ cosxdx sinx + C
2% dx a* 11| [snxdx -cosx + C
’ —+C J
Ina
12 tox +C
de 5 1arctg£+C 12 ax &2
Yat+X a a J 008” X
dx 13 1 -ctgx +C
TR 1 "4 e —— X -
"X -a 2a |x-a Y 8§in” X
K In X+\/m +C 14 ax arcsin5 +C
“Vx ta a? - x? a
[0 o+1 15 1
wox +C, 0 # -1 j—dx Intg(5+£J +C
o +1 COSX 2 4
ax 16 1
|~ In+C [ —d Intg2|+C
X SnX 7




MeToabl UHTErpUPOBaHUA

HenocpeacrBeHHoe
UHTerpmpoBaHue.

‘ agu ].tl‘.‘d +C



Cnoco® noacTaHOBKMU (3aMeHbI
nepemMeHHbIX).

[/ \‘lfO(t

[Tpumep. Haiiti HeonpenerneH bl nuTerpan j VSN X cosxdx.

CnenaeM 3aMeHy f = sinx, dt = cosxdl.

j Jtdt = j t”2dt:§t3’2 +C = %sin3’2x+ C.



VIHTerpmnpoBaHue no 4YacTsaMm.

Crnoco® 0CHOBaH Ha U3BECTHOH (hOpMYyJie TPON3BOAHON TTPON3BEICHUS:
(uv) =u'v+v'u

e U ¥ V — HEeKOTOpble (DYHKITUH OT X.

B nuddepenmanshoit popme: d(uv) =udv + vdu

[TpOMHTErpUPOBAB, MONYYAEM: Id (uv) = jUdV+IVdU , @ B COOTBETCTBHUHU C NPHUBEIECHHLIMH

BBILLIE€ CBOMCTBAMM HEOTIPEIEIIEHHOTO MHTErpaa.

uv:judv+jvdu WIN Iudv:uv—jvdu;



u=x% dv=sinxdx

du=2xdx;, v=-cosx
u=x dv=cosxdx
du=dx v=sinx

[pumep. j X% sin xdx = { } = —Xx* 00SX + j coSX - 2xdx =

= —x?cosx+2lxsinx - jsin xdx]: —x% CoSX+ 2xsinx+2cosx+C.



OnpeaeneHHbIU UHTerparn.
[lycTb Ha oTpe3kKe [a, b] 3aaaHa HenpepbIBHaA

dyHKuUA f(x).




N

Bom §, = Z (6 )M 10 [im Zf( JAx =S

max Ax -0 % r |

* Ecmu g ¢yHkumu f(X) CyliecTByeT Ipeaesn  To
(PYHKIMSI HA3bIBACTCSI MHTErPHUPYEMOM Ha OTPE3KE
[a, b].

. b
ma)I(lAf(n%IZ‘ f(e,)AX = ! f (x)dy,



buviL 1 Ba VIIVCACI ITHANUVIVU VI ICl Yd) ld.

iAf(x)dx = Ai f(x)dx

a

j'( f,(x) £ f, (x))dx:ff f, (x)dxifi f, (x)dx
_[ f(x)dx=0

*Ecrm f(x) < ¢(x) Ha oTpeske [a, b] a<b, TO

T f(x)dx < j‘(p(x)dx



