MaremaTuueCcKu aHajins
Paznen: HeonpeneneHHbIN HHTETPAT

TeMma: Iepeoobpasznas pynxuus u neonpedenennuiit
unmezpai. Memoowvl unmezpuposanusi



IJTABA I. HeonpeaejeHHBbIN HHTErPaJl

NHTerpanbHOe HMCUYHUCIEHUE — pas3lel MareéMaThuKu, B KOTOPOM
M3YyYarOTCA CBOMCTBA MHTETPAJIOB U CBA3AHHBIX C HUM MPOIECCOB
UHTETPUPOBAHUSL.

HMHTErpaibHOE MCYHUCIEHUE TECHO CBS3aHO C AU depeHIHraIbHbIM
HMCUHUCJIICHUEM M COCTaBJISIET BMECTE€ C HMM OJHY W3 OCHOBHBIX
4acTel MaTeMaTU4eCKOTO aHaJIn3a.



§1. IlepBooOpasHast GpyHKIMA
U HEONPEACJCHHBIM HHTErpaJl

OcHoBHag 3a7a4a MU PEepeHNMATBHOTO UCYUCICHUS:
s yHkuuu f(x) Hautu f'(x).
OOparHas 3aj1aua: u3BecTHa f'(x), TpeOyeTcs HauThu f(x).

OIIPEAEJIEHUE. Ilycms f(x) u F(x) onpeodenenvt na X& R.
@yuxkyua F(x) nazvieaemcs nepeooopaznout 0ns gynkuuu  f(x)
Ha npomexcymxke XER, ecau F(x) oupgepenyupyema na X u
YV x € X sbinonnsemcs pasencmeo

F(x) = f(x) .
I[TPUMEPBI.
1) F(x) = sinx — nepBooOpa3Has 1 f(x) =cosx Ha [R, T.K.
(sinx)'=cosx, VxER;
2) F(x) =In| x| — nmepBooOpa3Hasa s f(x)= 1 ha mo6om mpoMe-
KYTKE, HE copepskaniem Touku x =0, T.k. X (I ’ ])’ 1
NiX\) =—

X



BOITPOCKHI:

1) njist 1x000M K (PYHKIIMH CYILIECTBYET IepBOOOpa3Has;

2) eciM  (PyHKUMS HMEET IIEpBOOOpa3Hyr0, TO OyaeT JU OHa
€IUHCTBEHHOU ?

TEOPEMA 1 (o cBs3u nepBo0OOpa3HbIX).
Ilycmv F(x) — nepsoobpasznas ons pynkuuu f(x) nHa X.
Dyuxyus O(x) 6yoem nepsoobpasrnou 015 f(x) Ha X < yuxkyuu
O(x) u F(x) na X ceazanvt pasencmeom
®(x) = F(x) + C,
20e C — Hexomopoe Yuco.
JTOKA3ATEJIBCTBO



OIIPEAEJIEHUE. Muoowcecmso ecex nepsoobpasnwvix hyrkuuu f(x)
HA3b18AIOM HEONPedeleHHbIM UHmezpanom om gynkyuu f(x) u

00031HAYAIOM CUMBOJIOM
j f(x)dx
HazriBaror:

f(x) —noguHTErpaibHas PyHKIIHS,
f(x)dx — noguHTErpaIbHOE BBIPAKECHUE,
X — IIEpeMEHHAas UHTETPUPOBaHU,

CHMBOJ | — 3HAK MHTErpaja.
[To onipenenenuto u teopeme 1

j f(x)dx = F(x)+C,
rne F(x) — mobas nepBooOpasHas g1a f(x), C — npou3BoJIbHAS
MOCTOSIHHAA.

HaxoxaeHue mnepBooOpa3HON i1 (QyHKIOUH f(x) Ha3bIBaeTCs
unmezpuposanuem gynkyuu f(x).



TEOPEMA 2 (mocTaro4yHO€ yCIIOBUE UHTETPUPYEMOCTH).
Ecnu ¢hynkyus nenpepoléna Ha HEKOMOPOM NPOMENCYMKE, MO OHA
uMeem Ha SMOM NPOMENCYMKe NepeooOPA3HYIO.

3ameuanue.
[Ipon3BogHass OT 3JIEMEHTApHOW (PYHKIMK BCerga SBISETCS
(yHKIIHEN 3JIEMEHTAPHOM.
IIepBooOpa3Hass OT dJeMEHTapHOM (YHKIHH MOXKET HE OBITh
(yHKIIHEN 3JIEMEHTAPHOM.
HMHTerpanbl OT TakuX (QYHKIHWH HA3BIBAIOTCS HeOepyuuMucA.
HebOepymumucs: sSIBIISIIOTCS, HAMPUMEDP, HHTETPAIBI

2
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je *dx, J-smx dx, jcosx dx,

jsinxdx’ jcosxdx’ j%dx’ ﬂ
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CBOMCTBA HEOIIPEJAEJEHHOI'O MHTEI'PAJIA

1. IIpousBogHAsT HEONPEAECICHHOIO HHTErpajga paBHA IIOJMHTET-
paJIbHOW (DYHKIIUH:

([ Foax ) = f(x)
3ameuanue.

HeonpeneneHHblit HHTErpal — MHOXKECTBO (pyHKIuii. CBOMCTBO 1
yTBEPKJAET, YTO IMPOU3BOHAS KaXI0M U3 HUX paBHa f(x).

— MNPaBWIBHOCTh HMHTETPUPOBAHMS BCETAa MOXXHO IPOBEPUTH:
OOCTAaTOYHO IpoauddepeHuupoBarb pe3yiabrar. llpum  sToM
JT0JKHA MOJIYYUTHCS MTOJUHTErpajibHast (DyHKITHS.



2. j F'(x)dx = F(x)+C.

3ameuanue.
Nmeem: F'(x) - dx = dF(x).
— IloguHTErpaibHOE BBIPAXKECHHUE SIBISETCS pPEalibHbIM IIPOU3BE-
neHueM — nuddepeHnuaiom nepBooopazHon GyHkuu F(x).
= CBOMCTBO 2 MOYKHO 3aITiCarh B BUJIC

j d(F(x)) = F(x)+C.

3. HeomnpeneneHHbI WHTErpajl OT alreOpandyeckorl CyMMBI JBYX
(KOHEYHOro umciia) (YHKIHH paBeH aarecOpandeckod CyMMeE
WHTErPAJIOB OT ATUX (PYHKIIHM:

j(f X) £ @(x))dx = f(x)dx+jgo(x)dx
TTOKA3ATESILCTBO



4. IloctossHHBIM MHOXUTEIb k (k#(0) MOXHO BBIHOCHUTH 3a 3HAK
HEOMNPEACICHHOIO MHTErpaa;

j kf (x)dx = k j £ (x)dx.
JIOKA3SATEJIBCTBO — caMOCTOSTEIILHO



§2. MeToabl MHTErPUPOBAHUSA

1. HemocpeACTBEHHOE MHTETPUPOBAHUE

CyTb METOJIa: C MOMOIIBIO MPOCTHIX IPeoOpa3zoBaHui (BBIIOJIHECHUE
KaKUX-I1100 apUPMETUIECCKHUX JIECVCTBHH, IIPUMEHECHHUE
CTaHJApTHBIX (GopMyl airedpa W TEOMETPUHM UM T.J.)
NOAUMHTErpaibHasl (YHKIMS 3allUChIBACTCS B BHJIE CYMMBI
(yHKLIMHA, NEpBOOOpa3HbIE MJISI KOTOPHIX H3BECTHBI (TOBOPST:
«3aMHUChIBAETCS B BUAE CYMMBbI TAOJIMYHBIX HHTETPAJIOB ).

ITPUMEP. Havitu uHTErpalisl

2
a)_“(x—%j dx, b)jx2+x\7j\/;+4dx
X

X




2. 3amMeHa IEPEMEHHOM (METOJ ITOJACTAHOBKM )

OIIPEJEJIEHUE. @ynkyus y = f(x) nHazvieaemcs nenpepwvieno oudh-
gepenyupyemoint na npomesxcymrxe X< R, eciu fx) oughgpepen-
uupyema na X, npuuem ee npouszeoonas f'(x) — nenpepwvierna Ha X .

TEOPEMA 3 (0 3aMeHE epeMEeHHOM 110]1 3HAKOM MHTEerpaa).
Ilycmo ¢0:T—X u x =¢(t) — nenpepwvieno oughgepenyupyema na T,
f:X— Y n y=f(x) Henpepviena na X.
Tocoa gpynuxkyuu fix) u fo(t)) - ¢'(t) uumeecpupyemor na X u T
COOMBEMCMBEHHO, NPU1EM, eCill

j F(x)dx = F(x)+C,

[ (@) -o'(dt = Fp())+C.
JTOKA3ATEJIBCTBO

ITPUMEP. Hanitu uaTerpan

mo

dx
j\/4x—x2



3. BHecenue (IQYHKQI/II/I 1101 3HAK gmlgghe[geHgHan —

YACTHBIN CIIy4au MOACTAHOBKHU

CJIEACTBHE 4 Tteopemsl 3 (00 MHBApUAHTHOCTH (POPMYIJT HHTETPH-
POBaHUS).
Jlobas popmyna unmeepuposarus ocmaemcs CnpaseodaIusoU, eciu
ge30e 3aAMEHUMb NEePEeMEeHHYI0 HA HENpepvleHO Ouggeperyu-
pyemyro pyHKyuro, m.e. eciu

j f(x)dx=F(x)+C,

fw)du=Fu)+C,
20e u = ¢(x) — mobasa HenpepviéHO Oupepernyupyemas pyHKyus

mo

Hamnpumep, Tak kax .
Icosxdx =simnx+C,

TO 2 2 N 2
Icos(x +1)d(x” +1)=sm(x"+1)+C,

jcos e*d(e’)=sine* +C



4. VIHTErpupOBAHUE I10 YACTIM

TEOPEMA 5.
Ilycmo ¢ynxyuu u(x) u v(x) HenpepwviHO Oughgeperuupyemol
Ha X&R . Toeoa na X cywecmeyrom unmezpa.ivl
j udv 1 jvdu

u cnpaeedﬂueo pPaA6eHCcmeo

(1) jud\/:uv—jvdu.

®opmyna (1) Ha3pIBaeTcs gopmynon unmezpuposanus no
YacmsAm.

JIOKA3ATEJILCTBO



3ameuanus.

1) mpy HaxOXJACHUM MHTErpaja (QopMyly HMHTETPUPOBAHUS TI0
4acTsIM MOXXHO IIPUMEHITh HECKOJIBKO pa3, IMOCTEHEHHO
«yJIydlasy OCTAOLIUNCSI UHTETPAT,

2) popMyna HHTErPUPOBAHUSA IO YaCTIM — €IUHCTBCHHAas
BO3MOXXHOCTb HAUTH UHTETPAJIbl BUIA

[ P.(x)- p(x)dx,
rne P (x) — MHOTOYIICH CTEMeHH 7, ¢(x) — TOKaszarenbHasl,
norapu(pMuyueckas, TpPUTOHOMETpUYECKas WM  oOparHas
TPUTOHOMETpHUYECKas (DYHKIIUS;

3) ¢ noMoub (OpMYINIbl MHTETPUPOBAHUS 110 YACTSIM HaXOAATCS
TAKXKE [IUKJINYECKUE UHTETPAIbI:

jaa‘x . cos PBxdx, jaax -sin Bxdx.
[TPUMEP. Havitu unTErpaisl

a) sz sin xdx b) jex cOS xdx



