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IJTABA 1. OnpenesieHHbIA HHTETPAaJ U €10 NPHUJI0KEeHHUS

§1. OnpenejieHHbIM HMHTErpaJl M ero CBOMCTBA

1. 3ajauu, NIPUBOAAIINE K IOHATHIO
ONIPEJICICHHOTO MHTErpaia
IIycTh f(x) — HEnIpepbIBHAS Ha OTpe3ke [a;b] .
OIIPEAEJIEHUE. Ob6nacme () © xOy , oepanudeHHas ompeskom
la;b] ocu Ox, npamvimu x=a, x=b u xkpusou y=f(x),
HA3bl8AEMCS KPUBOUHECUHOU mpaneyueil ¢ ocHoeanuem [a;b] .

YA

C
y=f(x)
3ameuanue. llpsmele x=a wu
D X =b MOTyT BBIPOXJAThCS B
TOYKHU
A B
o—>
O a h X



3AJIAYA 1 (o momaayd KpUBOJIMHEHHON TPAIICLIN).
[ycts fix) >0, Vx<E[a;b].
Halitu nomaaps S KpUBOJIMHEHMHOM Tpaleuuu (G) .
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0 XO 51 Xl 52 X2 n
Ecmn Ax, =x —x_ —jnnHa otpeska [x_ ;x.],T0 S~ Z f(&E)Ax;

-

[ycte A=max |[x_, ;x]|. Torma n



3AJIAYA 2 (0 npoMACHHOM ITyTH).
IlycTh TOUKaA JIBUXKETCA MO KPUBOU U €€ CKOPOCTh U3MEHAETCA 11O
3aKOHY V = f(1).
Hantyi nyts S, OpOUJIECHHBIM TOYKOW 3a MPOMEXKYTOK BPEMEHHU

17,5 T,].

PEIIIEHUE.
1) PazoObem [T, ; T)] Ha n vacTeit TOYKamMu
t, =T, , tl, tz, o, t =T, (tmet, <t <t,<.. <tn)
2) Botbepem Ha [£,_, 5 ¢] (i= i 2,. n) HpomBoanon TOYKY T,

Ecmu [t ;1] MaJ'I TO MOXKHO CUYHTATh, YTO TOYKA J:[BnraﬂaCL B TC-

YCHUE 3TOr0 BPEMEHU PABHOMEPHO CO CKOPOCThIO f(7) .

ﬁ % . . = —
npoiieHHoe paccTosuue: f(z) - At,, tne At =t —t

= S EA
3) Iyete A=max | [¢,_,; ] | Torz[a

= |Imz f(r;)At
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2. OnpeieIeHHBIN UHTErpai: ONPEACICHNUE U
YCJIOBUE €r0 CYIICCTBOBAHUS

IIycTh f(x) 3amana Ha oTpe3ke [a;b] .
OITPEJEJIEHUE.

1) Pa3obOwbeM [a;p] Ha n 4acTel TOUKaAMHU
Xg=a, X\ 5 Xyp oens anb,
TAC X, <X, <X, <...<X .
2) Ha xaxnmom orpeske [x,  ;x](i=1,2,..n) BeOepeM mpo-
M3BOJIbBHYIO TOUKY ¢, U HalJeM NPOU3BEICHHE
AS) - Ax,,
rne Ax, =x —Xx _, —JUIMHA OTpe3Ka [x. , ;x].

l

1,(x;,6;) = Zf(gz)sz

S
Ha3bIBACTCS UHMEZPANbHOU cymmoul Il QyHKIUM f(x) Ha
oTpe3ke [a;b] .

Cymma



IIycte A = max[ [x,-_l;xi]’
1<i<n

Hucno 1 Haszvieaemcsi npedenom unmepanbHvlx cymm 1 (x,C)
npu A — 0, eciu ons noboco € >0 cywecmsyem o >0 makoe,

ymo 0as 106020 pazdouenus ompesxka [a;b] y komopoeco A <o
npu 10O0M 6b100pe MOUEK ¢, BbINOIHACMCS HEPABECHCNEO

| ]n(xi’é:i) _[ | < & .

Ecnu cywpecmeyem npeden unmezpanohoix cymm I (x.,¢) npu 4. — 0,
Mo e20 HA3blBAION ONPEOECeHHbIM UHMeZPaiomM om QyHKuuu

f(x) na ompeske [a;b] (uru 6 npedenax om a oo b).
b

OBO3HAUAIOT: j F(x)dx

HassBatot: [a;b] — npomerncymor unmezpuposanus,
aub — HuM3CHUIL Y 6epXHUIL npedesl UHMeZPUPOBAHUL,
f(x) — noovinmezpanvnan Qynkuyus,
f(x)dx — noovinmezpanvnoe gvipasricenue,
X — NepeMeHHAsl UHMeZPUPOBAHUAL.



OyHknua f(x), 11 KOTOpoW Ha [a;b] CymiecTBYeT OIpeAcICHHBIN
WHTErpaJl, HA3bIBACTCS UHMeZPUPyeMoll Ha dTOM OTPE3KE.

TEOPEMA 1 (HeoOxoauMoe yCIIOBHE MHTEIPUPYEMOCTH (PYyHKIIMHU
Ha [a;b]).
Ecnu ¢pynxyus f(x) unmeepupyema na ompeske [a;b], mo ona na
3MOM Ompe3Ke 02PaAHUYeHd.

TEOPEMA 2 (moctatodHo€ yCJIOBHE HMHTECTPUPYEMOCTH (PYyHKIIMHU
Ha [a;b]).
Ina uumezpupyemocmu yuxuyuu f(x) na [a;b], oocmamouno
8bINOJIHEHUSL OOHO20 U3 YCIIOBUIL:
1) A(x) Henpepwviena na [a;b];
2) f(x) oepanuuena na [a;b] u umeem wna [a;b] xoneunoe uucno
MoYeK paspuvléa,

3) f(x) monomonna u oeparnuuena Ha [a;b].



3ameuanue. Onpenesnss onpeaeICHHbIN HHTErpa, mojaraiu a < b .
Ilomaraem, uto:
1)econ a>b, 1O

b a
| S @ydx == f(x)ax;
a b

2)ecitma=>b, 10

a
j F(x)dx =0.
Taxoe paCIUuPCHUC AOIPCACICHUA COITIACYCTCA C OIIPCACIICHHUCM

ONPEJICTICHHOIO MHTErpalia U €ro reOMeTpUIECKUM ((PHU3UIECKUM)
CMBICJIOM.



3. CBOWCTBA ONPENECICHHOTO MHTErPaJia

1) 'eomeTpruyuecKril CMBICI ONPEACICHHOIO HHTErpala.
Ecnu f(x) — nenpepsiBHa Ha [a;b] u f(x) >0, VxE[a;b], TO

J Fods=s.

rne S — IIoMmaas KpABOIMHENHON Tpanenuu ¢ OCHOBaHUEM [a;b]
1 OTPAaHUYCHHOM CBEPXY KpUBOU y = f(X).
2) OU3NYECKUM CMBICH OIIPEACICHHOIO HHTErpalia

Ecimn ¢yHkumsa v = f(f) 3agaeT CKOPOCTh ABWXKYIICHCS TOYKH B

MOMEHT BPEMEHMU f , TO
T2

j v(t)dt
onpenessieT nyThb S, TPOWACHHBIA TOYKOM 3a IPOMEKYTOK
Bpemenu [T T,] .



b
3) j dx=b-a.
JTOKA3ATEJIBCTBO

4) IlocTossHHBIM MHOXMUTENb k (k#(0) MOXXHO BBIHOCUTH 3a 3HAaK
ONPENCIICHHOTO UHTETpaNa, T.€.

b
ka(x)dx: kj f(x)dx
? TOKA3ZATEIIBCTBO

5) OmnpeneneHHBI HHTErpajl OT aiareOpamdeckod CyMMBI JBYX
(KOHEYHOro 4mciia) (YHKIHUH paBeH ajareOpandyeckoil CyMMe
MHTErPaJIOB OT ATUX (DYHKIIHIA:

b

I(f(x )£ @(x))dx = é f(x)dx+jqo (x)dx

JIOKA3ATEJILCTBO >



6) Eciiu oTpe3ok uHTerpupoBanus [a;b]| pa30oUT TOUKOM ¢ Ha JBE
yactu [a;c] u [c;b], TO
b c b

I f(X)dX=J- f(x)dx+j f (x)dx (1)

a d C
3ameuanue. ®dopmyna (1) OymeT UMETh MECTO U B TOM ClIydae,
KOIJIa TOYKa C JIC)KUT HE BHYTPH OTpe3Ka [a;b], a BHE ero.

7) Ecmu fix) >0 (fix)>0) VxE[ab], TO
b b
[ 0000 [ [ f(oe o]
8) Ecitn f(x) < d(xp VxE[a;b], To \a

b

Xx)dx <J[go(x)dx

JHOKA3ATEJIbCTBO LaMOCTOHT bHO



9) CnencrBue CBOMCTB 8 U 3.
Eciu m u M — COOTBETCTBEHHO HAaUMEHbIIIEE U HAUOObIIICE
3HaYeHMsT GyHKUMHU f(x) Ha oTpeske [a;b], TO
b

m(b—a) < j F(x)dx<M(b-a).

10) Eciu f(x) — HedeTHas GyHKIUA, TO

Tf(x)dx =0.

Ecnu f(x) — yeTHas PyHKUHSA, TO 4 a

jf(x)dx = 2jf(x)dx.
—a 0



11) Teopema o cpeaHeM.
Ecnu ¢pynkuus f(x) nenpepwviena na [a;b], mo ¢ unmepsane (a;b)

Hauoemcs maxkas moyxda Cc, Umo Cﬂpd@@()ﬂ%@O paA6eHCcmeo
b

J f(x)dx=(b-a)- f(c)
® TOKA3ATEJIBCTBO



§2. BbluucieHue onpeaeJeHHbIX MHTErpaJjioB

1. HTerpal ¢ nepeMeHHbIM BEPXHUM MPEICIOM.
dopmyna Herotona-JIelOHuIa

IIycTs f(f) HenpepbIBHA HA [a;D].
Torpa f{f) HenpepwiBHa HA V [a;x], toe a<x<bh.
= f(t) uaTerpupyema Ha V [a;x], toe a<x<b.

X

PaccMoTpuM HHTErpal J‘ f(t)dt

Nmeem: ~ , D(®(x)) = [a;b] .
| f@ydt = (x)



TEOPEMA 1 (0 npou3BOgHOM ONPEAEICHHOIO MHTErpaia mo mnepe-
MEHHOMY BEpPXHEMY MPEIACIY).

Oyukuusa O(x) auddepennupyema Ha [a;b], npuuem
D'(x) = fx) .
JNOKA3ATEJIBCTBO

CJIEACTBHUE 2. JIro0as HenpepblBHAs Ha [a;b] pyHKUMS UMEET Ha
[a;b] nepBOOOpa3HYIO.



Nmeem: @(x) — nepBooOpa3Has misd PyHkuuu f(x) Ha [a;b] .

IIycte F(x) — emie ogHa nepBooOpa3Has ais f(x) Ha [a;b] .

Torma F(x) u ®(x) OyayT OTIMYATHCS IMIOCTOSHHBIM ClIaracMbIM
(cM. §23 Teopema 2, I cemecTp), T.C.

(1) Tf(t)dt = F(x)+C,

a
e a <x<b, C— HEKOTOpPOE YUCIIO.
ITomaraem x =a . Torna uz (1) moiydum

a
| fyde = F(ay+c,
& 0=F(a)+ C,
= (C=-F(a).
CnenoBarenbHO, (1) MOXKHO Nepenucarb B BUAL

f f(t)dt = F(x)- F(a).



ITomarast x =b [OJyaeM:
@) | r@yae = Fb)-F(a).
®opmyna (2) HazwsiBaeTcs popmynoii Horiomona — Jleitonuua.

Pasnocte F(b)— F(a) NpuHATO COKpAILEHHO 3allMCHIBAaTh B BUC

CuMBOI ’b nassisatot Wt (g%bﬁlgb(%ygclnmtoeku.

Hcnonbp3ys 310 0003HaueHue, Gopmyiny (2) MOXKHO IEepenucarh B
BUJIC

f (x)dx=F (x)| = F(b)—F(a).
3ameuanue. B thopmyne (2) MOXHO B3SITh JIOOYI0 U3 IIEPBO-
oOpa3HbIX (yHKIUM f(x), Tak kak F(b)— F(a) He 3aBUCHUT OT

BbIOOpPA EPBOOOPA3HON.



