OrpaHn4eHHo-
0ETEPMUHNPOBAHHbIE

OYHKLUMU



PaccmorpuMm aBa koneunsx andasuta A = {ay,...,a,} u B =
{ai,...,a,}. O6o3naunm yepe3 A u B mHOKECTBA BCEX OECKOHEY-
HBIX nociaesoBaresnbHocTell a = (a(l),a(2),...) u B = (B8(1),5(2),...)
B andasutax A u B coorsercTteenno. Paccmorpum dbysakmmn f(z),
OIIPEIEICHHBIC HA MHOXKECTBE DECKOHEYHBIX IT0C/I€10BATEIBHOCTEH o 13
A u npuHUMAOIIME HA KayK/J0H M3 3TUX NOCIEI0BATEIBHOCTEH 3HAa-
yenue (3 u3 B°; a u # Ha3bIBAIOTCA BXOJHON M BBIXOJIHON ITOCIE10Ba-
teapHOCTAMU byHKIMU f(2) coorsercrBenno. Takum 06pa3on, KazK1as
dbyukuua f(z) 3agaer orobpazkenne f : A® — B,



OrmernMm, uyTo cpean 3tux (hyHKIMI €CTh TakKue, NPHU BHIYUCIC-
HAM 3HAYCHUN KOTOPBIX BO3HHUKAIOT ONPEJAeIeHHBIC TpyaHocTu. Pac-
CMOTPHM, HAIIPUMEpP, CIeAVIOmyo (hbyHKIHIO.



IIycte A = B = {0,1}. O6o3naunm uepes 0 u 1 Geckoneunbie
[IOCJI€JI0BATEIBHOCTH, COCTOSINIMAE U3 OMHUX HYJICH U €IuHHUI, COOTBET-
creenno. Iyers f(0) = 0, f(a) = 1 ausa Bcex a € A, a # 0. Toraa
3HAYEHUE IEPBOr0 Pa3ps/ia BLIXOAHOM 110cIe10BaTeabHOCTH (DyHKIUN f
HA TIOCe10BATETLHOCTH () HEMB3s HAWTH, 3HAS JUIIbL KOHETHOE (KaKuM
ObI OOMBIIMM OHO HU OBLIO) YHCI0 Pa3pPsAia0B BXOAHON IMOCIEI0BATEN b

HOCTH.



B cBsA3u ¢ 3TUM BBOAUM CI€IYIONIEE OrPAHUYCHHE HA PACCMaTPHU-
paemble dyakuun. Ilyers y = f(z), rae

o= (el ) 22y ians ). G=00(E): 002 )05 s tlB); ok



Oyuknua f naswsiBaercsa demepmunuposannoli, ecian g jawoboro t, ¢ =
1,2,..., 3nagenne y(t) OQHO3HAYHO ONPEIEIACTCS IEPBLIMU T U41eHAMHA
BXOAHOI nociaenosarenbaocTu (1), z(2),. .., x(t).



Nupivu csioBamu, Kaxkjasi JilerepMuHupOBanHas (PyHKIMSA OHO-
3HAYHO Onpejensercs DecKkonevHoil 1mocies0BaTeIbLHOCTLI0 (DYHKITNMA

fl(x(l))v f2($(1),$(2)), ZBE ft((l)*m(Q)' e ,Z(t)), see
mme f; : A - B, t=1,2,...



IIpumep. Ilycrs A = B = {0,1}. Cneayomue pyaxumm y = f(x),
rag F @ A% — B, & = (@), c0zml);-o); 9 = )y Pt )00

ABJIAIOTCA JETEPMHHHPDOBAHHBIMM!

&)yt = {O, ecmx(l)=x2(2)=---=z(t—-1) =0;

1 B mpOoTUBHOM CJIy4ae;

b) dyukuusa gernocru: y(t) = x(1) D x(2) b --- B x(t);



c) YHKIINUS €IMHUIHON 33 1ePKKHA:

0, eciu t = 0;
y(t) = _ .
x(t — 1) B IPOTUBHOM CJIy4Yae;

d) y(t) = 0, ecmu t = 2" nj1g HEKOTOPOrO HATYPAJIBHOIO 7
S =11 B IIPOTHUBHOM CJIy4ae.



JleTepMmuHupoOBaHHbIE DYHKIINN MOXKHO 33,/1aBaTh IPU ITOMOIIIY MH-
dopMamOHHBIX JIepeBbeB. Undopmayuornrnoe depeso 6 anpasumar A
1 B npejacTtaBiisieT coOoii OeCKOHEYHOe OPpUEHTHUPOBAHHOE JepeBO, YI0-
BJIETBOPAIOINIEE CJIeAYIONINM YCIOBUAM:

1) cymiecTByeT BepIuHA Vg — Kopenb NHAHOPMAIIMOHHOIO JIEpPeBa, B
KOTOPYIO HE BXOJUT HHU OJHO pedpo;

2) B KaXKJIYIO BEPIIUHY, OTJUYHYIO OT KOPHEBOIi, BXOAUT POBHO OJIHO

pedpo;
3) W3 Kak[Oil BepIIMHBI AepeBa BbXoaur v = |A| pebep, Ko-
TOPBIM IPUIUCAHBI Hapbl (ai,b;,), (a,bi,),..., (ay,b;, ), rme

bil,...,biu e B.



Taxum obpa3oM, Jr00ast BepIINHA JIepeBa JOCTH>KUMa, 13 KOPHEBOM
11 KazKJIOM BBIXOANIeil N3 KOpHS OPHUEHTUPOBAHHOU e B MHMOpMa-
IIMOHHOM J€peBe COOTBETCTBYET IIapa IIOCjIeIoBaTeJbHOCTel o € A
n 3 € B°, KoTopble COCTaBJIEHbI U3 IIPUIUCAHHLIX peOpaM 3TOM Iie-
nmu OykB ajadasuroB A m B cOOTBETCTBEHHO.



I[IoaTOMYy MOXKHO CYH-
TaTh, YTO KazkKjoe mHMOpMalnonHoe gepeBo 1' B andasutrax A u B
3a/1ae€T BIIOJIHE OIpPEIEIEeHHYIO JIeTePpMUHUPOBAHHYI0 GYHKIMIO fr(x);
fr : A — B*°, Jlerko BUIeTh, YTO BEPHO U oOpaTHOe. A MMEHHO JIJIst
KazKJION JIeTePMUHUPOBAHHON (PYHKIIMUA MOXKHO IIOCTPOUTH HMH@OpMa-
IIMOHHOEe nepeBo B ajdasurtax A m B, koTopoe Oymer 3a1aBaTh (pyHK-

1o f.



Ha pwnc.1 n 2 n3obpazkeHbl HadaJabHBIE (pparMeHThl HHMOpMAaIIU-
oHHBIX JepeBbeB B andasutax A = {0,1} u B = {0,1} mia nepsoii u
BTOPOii (DyHKIINIT 3 IIPUBEACHHOIO BBINIE IIPUMEPa COOTBETCTBEHHO.

Bo3bMmeMm B mepeBe 1’ mpOM3BOIBHYIO BEPIINHY ¥ U PACCMOTPUM
OeckoHedHOe mojiepeBo 1, IepeBa 1 ¢ BepIIMHON ¥ B KadeCTBE KOP-
H4, COJIepKalllee BCce BEPIINHBI JJepeBa 1, TOCTU>KUMbIE U3 BEPITUHBI V.



(0,1)
(0,0) (1,0)
(0,1)

(0,0) (1,1) (0,1) (1,0)

Puc. 1 Puc. 2



JIerko BmaeTh, 9To 1, TakzKe OyIeT ABISIThCI MHPOPMAaIIMOHHBIM Jdepe-
BOM B ajipaBurax A u B, 3a1a0IIIM HEKOTOPYIO JeTEPMUHUPOBAHHYIO

dbyurmuio fr (x); fr, : A — B>,

JIBa mrdopMmannoHHbIX gepesa 17 u 15 B andasutax A u B Ha-
3bIBAIOTCA 9K6UBaseHMHbLMY (0003HaUeHHe 11 ~ T5), eciu OHH 331a10T
OIHY U Ty K€ JeTepMHUHHpOBaHHYIO dyHKIno (T.e. fr, (x) = fr,(x)).
NubiMu ctoBaMu, MHAMOPMAIIMOHHBIE JIEPEBbs SKBUBAJIEHTHBI, €CJIN CY-
IIIECTBYET U30MOP@MU3M COOTBETCTBYIOIINX OECKOHEYHBIX JIEPEBLEB, CO-
XpaHAONIUil IOMETKHN Ha pedpax.



JlerepMmunupoBantas (yHKImA f(r) HA3LIBACTCH 02PAHUYEHHO-
demepmunuposarnoti (0.-0. dynryuedi), ecin B HHGOPMAIMOHHOM JIe-
pese, 3aai0meM (GyHKOuo f(z), COTEepKUTCI JUIIL KOHEYHOE YHCIIO
[IOIIAPHO HE3KBUBAJICHTHLIX MHAMOPMAIMOHHBIX IOAAepeBbeB. Makcu-
MaJIbHOE YHUCJIO IIOMAPHO HEIKBUBAJICHTHBIX IIOIAepeBbeB B MHAMOPMa-
IIMOHHOM JiepeBe, 3aJaolneM O.-1. pyHKiumio f(r), Ha3bIBATCA 6€COM

dbyukimunu f.



IIycts f(x) — 0.-4. dyuknus seca r, T — uHMOPMAIMOHHOE JIepe-

BO, 3aaroiee f, vg — KOpeHb aepesa 1, a vg, V1, ..., VU,_1 — BEePIIAHBI
nepepa T', Takue, uro T, #* T, nnascexi,j =0,1,...,r—1, i # j. 3a-
HyMepyeM Bce BepHInHBI jJepeBa 1 yucaamu 0,1, ...,7r — 1 caeayrommMm
0Opa30M:
1) BepIIMHEI Vg, V1, ..., Vr—1 HyMepyioTca unciaamu 0,1, ..., 7—1 co-
OTBETCTBEHHO;
2) kaxgas BepmmHa v & {vg,v1,...,V,_1} HyMepyeTcss 4uCIOM 1,

TAKHN; ITO Ly me Ty DL 8 57— 1,



Howmepa 0,1,...,r — 1 BepmuH vg, v1,...,0,_1 B THPOPMaIINOH-
HOM JiepeBe 1’ HAa3BIBAIOTCA COCMOAHUAMU (PYHKIINU [; MHOXKECTBO
Q =1{0,1,...,r—1} HaspIBaeTCA MHONHCECMEOM COCMOAHUT O.~11. DYHK-

uu f.



Bec dyHKIMM YeTHOCTH W3 MPUBEJIEHHOIO BBIIe TIPUMepa paBeH
2. Ha puc. 3 ykazaH HadaJIbHBIA (bparMeHT 3aJ/Iar0llero 3Ty (PYHKIINIO
MHGOPMAIIMOHHOTO JIepeBa, ¥ KOTOPOr'o BEPIINHBI 3aHYMEepOBAaHbI UMC-
gavu 0 m 1; 419 HArJISSIHOCTU BEPIINHBI JIepeBa M300pakKeHbl B BHUJIE
KPY2KKOB, BHYTPHU KOTOPBIX MTOMeEIIeHbl COOTBETCTBYIOIINE HOMEpPA.

© OO0 O

Puc. 3



[lony4dennoe wuHpoOpMalmoHHOe JepeBo 1 ¢ 3aHyMepOBaHHBIMU
yucaamMu 0, 1,...,r — 1 BepmmmHaAM#u COIEpKUT U30BITOUYHBLIE CBEJeHUId
00 mcxomHo# 0.-4. byHKIHU f; Bed HeoOXoauMmasi mHMOpMAIUA colep-
KUTCSA B ' KOHEUHBIX (pparMeHTax JiepeBa, IpeIcTaBIeHHOIO Ha, puc. 4,
EHE B o> oy, € B 8 Jlsiioh «« wmiby €eQ,1=0,1,...,r—1.

Puc. 4



Ha pwuc. 5 nsobpazkeHbl cCOOTBETCTBYOIINE (DparMeHThI 111 WHMOP-
MAaIITMOHHOTO JIepeBa ¢ 3aHYMepOBaHHBIMHU BepITUHAMU, N300pazKeHHOTr O
Ha pHuc. 3.

Puc. 5



dTa mHAOPMAIUA COAEPXKUTCA TaKKe B yCEUeHHOM JepeBe. Yce-
yennoe depeeo TpecTaBiadgeT coDOM KOHeYHOe OPUEeHTHPOBAHHOE Je-
peBo, dABIdgeTcda Noarpadpom gepeBa 1 ¢ coxpaHeHHEM BceX ITOMETOK
Ha BepIIMHAX U pedpaX, COAep:KHUT KOpeHb vy JepeBa 1 u obIaIaer
CJIeIYIOIIMM CBOHCTBOM: JII00asi OpUEHTUPOBAHHAA IIellb, BBIXOISAIIIAS
13 KOPHs, COAeP>KUT POBHO JIB€ BEPIINHBI C OJUHAKOBBIMU HOMEPAMH,
a HUKaKoe ero coOCTBEHHOe IOo/JAepeBO 3TUM CBOMCTBOM He 00JIaJIaerT.



JIerko BUIeTh, 9TO yCeUeHHOEe JIePeBO COMAEPIKUT BCe YIOMSIHYTbhIE BbI-
e pparmMeHThl gepeBa 1’ (cM. puc. 4); Ipu 3TOM YHUCIO pebep B JT000i
OPHEHTUPOBAHHOIT eI 3TOro jJepeBa He IpeBblmaeT r. Takum obpa-
30M, ycedeHHOe JIePeBO COIEPXKUT BCIO HEOOXOIUM VIO HH(MDOPMAIIUIO 15
HaXOXKJIeHUs obpa3a JIodoi mociegoBaTe/IbHOCTH (DYHKIUU f.



Ha puc. 6 nuzobpazkeHo ycedeHHOe JIepeBO, MOCTPOEHHOe Ha, OCHOBE
nHMOPMAIIMOHHOTO JiepeBa pHc. 3.

Puc. 6



OrpaHuYeHHO- JeTepMUHUPOBAHHBIe (DYHKIUKA YIOOHO 3a1aBaTh
duazpammamu nepexodos (duazpammo, Mypa), KoTopbie TIONYIal0TCA U3
yCeUeHHBIX JIePeBbeB OTOXK JeCTBJICHHEM BEPIINH C OJMHAKOBBIMI HOMe-
paMm.



B pesyabpraTe momydaeM KOHEYHBIN OpHMEHTHUPOBAHHBIN I'pad ¢ r
BepIINHAMHU, KOTOpbIe 3aHyMepoBaHbl umcaamu 0,1,...,r — 1, m v - r
pebpaMu; IIpU 3TOM 13 KarK /IO BEPIINHBI Ipada BHIXOIUT v pedep, Ko-
TOPBIM MPUMKUCAHBI TTaPhI

((11, b’iz)’ (a'27 biz)a $8RG (a'l/7 bi,,)?

e {@ieee08) = A; bisesnay, €& B

v



Kpowme Toro, Bepimmsa 3Toro
rpada, cCOOTBETCTBYIONIAA KOPHIO MCXOJIHOI0 HH(MOPMAIIMOHHOTO Jiepe-
Ba 1" (1Ipu IpUBeIEHHOM CIIOCODe HyMepalluu BepIuH OHa UMeeT HOMep
0), OOBIYHO TIOMEYAeTCs CUMBOJIOM .



Ha puc. 7 npuBejieHa quarpaMMa Oepexo10B s (PYHKIIUU YeTHO-
CTH.

C mmarpaMMaMu IIepexoIoB MOXKHO CBsI3aTh ABe dyuKIun, F'u G,
F:AxQ—-BuG:AXxQ — @, KoTopble Ha3bIBAIOTCA PYHKIIUIMU

BBIXOJIOB U IIePEX0/I0B COOTBETCTBEHHO. 3HAYEHUS 3TUX (DYHKIIUHA s
Bcex a; € A, ¢; € () HaXOIsATCA B COOTBETCTBHUU C PHUC. 8.



(1,1)

oo (T XA oo DTG

(1,0)

Puc. 7 Foe 8



B pe3ynbraTe monydaeM cmocod 3aJaHusi 0.-7. MYHKIUA B BHJIE
Tabmuil, B v - r = |A| - |Q| crpokax KOTOPBIX MepedmcIeHbl BCe Maphl
(ai,q;) n3 A x Q u 3navenns yuxnuit F' u G Ha Hux (Tabi.1).

Tabaruua 1
@ q F G

a; q; F(ai;q;) | Glaig;)




Suavenusi pysknuit F' u G 11 HyHKIIUA IeTHOCTH IIPHUBEJICHBI B
Tads. 2.

Tabaruua 2
F | G

—_— O OlR
e s (Y S e ] I )

O = = O
O = = O




O.-1. GYHKIIMT MOXKHO 3a/JaBaTh TaKxKe IIPH IIOMOIIN YPaBHEHHMIA:

y(t) = F(x(t),q(t));
q(t+1)=G(2(t),q(t));
Q(l) = qo,

roe z(t) € A, y(t) € B, q(t) € Q npu Bcex t = 1,2,...; go — HOMEep
BepIIIMHBI B JTHarpaMMe IIepeXold0oB, KOTopasd OTMedeHa CHUMBOJIOM *,
go € (). OTU ypaBHeHHUsI HAa3BIBAIOTCI KAHOHUYECKUMUYU UYPOGEHEHUAMU
0.-71. GYyHKIIMKA [ ¢ HaAYaJbHBIM COCTOAHHUEM (.



JIerko BugeTh, 9TO MO KAHOHUYECKUM YpaBHEHUSIM, KOTOpbIE 33/~
10T 0.-71. GYHKIUI f, MOXKHO IOJIYYUTb U BCe JIPYyTrue IepevdncieHHbIe
BBIIIIEe CIIOCOOBI 3aJIJaHUS 3TOM (DYHKIIUH.



Kanonudeckue ypaBHeHUs I (DYHKIUH 9€THOCTH (a) W €IUHUY-
HOM 3a/1epKKu (b) UMeIoT ciieayromuii BUI:

(a)
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