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[MpeacraBneHus rpadcdoB

Ucnons3yercs xoncmpyrmop rpados. ['padust crposres u3 33 1aHHbIX
HCXO0HBIX rpadoB ¢ noMolIbI0 OHHAPHOM onepayuu cxaetivu. Buecre ¢
KayK JbIM IpaoM KOHCTPYKTOP COJCPIKUT ero H30MOpgHbIE KOMUH.

PaccmarpuBaiorcst KoHedHble, HeOpHeHTHPOBAHHLIE rpadbl, JomycKa-
I0IIe NIeT/IH ¥ KpaTHbe pedpa.

Oboznayenns: K, - nosmsit n - sepumnssil rpady; C, - npocroi
UKL, COJepKaLmit n Bepuiuy; L, - n1poctas Lelb, COJAePIKalas n sep-
wun; Oy, - nycroit n - epuunnstt rpad (0, - Hyab-rpad).




OnpepeneHue onepauuun CKNeUKu

[Ipn BeinoHerHn GurapHO OMepamus CKIeHKH TPO3BOMTCS OTOXK CTBIICHHE H30-
mopdmbix nogrpaos Gy C Gy u Gy C Gy rpachos-omepanjos Gy u Gy.

Jlnst pesynsrupytomux rpados G ncnonssyercs oboznadenne (G, o Gy) @, rye G-
rpad, m3oMopdusiil oToxkaecTBaseMbM nogrpadam G u G, HasbiBaeMbIi nodzpagiom
craetix,

B obmem ciyuae oneparus ckiieliKi He SBISeTCS 0JHO3HAYHOI.
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Pesynbrar onepammu cKJIeiKH 3aBHCHT OT BHIa noarpada ckJeiiku G.
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Pesynbrar onepammu ckieiiku no noarpady G = O, 3aBucur o1 BEIOOpA OTOXK JeCTB-
JseMBIX BepomH B rpadax-onepangax Gy u Ga.




L J
L J
L
L J

L ]
L d
L]

Pesymbrar onepanun ckiefiku no noarpagy G = Ky npu dukcupoBaHHOM BEIOOpE
nojrpacdos K, B rpadax-onepanax 3aBHCAT OT CH0co6a X OTOXKIECTBICHHS.




Cynepno3uuuu rpacoB

[Tycrs S mexkoropoe MuoxkecTBo rpados. ['pad G HazwiBaetcs cynepnozuyueti rpagos
3§, ecm G € S winm G MOXKHO TOJTYYHTH MyTeM HOCTeI0BATeILHOTO IPHMEHeHHS
onepanuii ckefiku K rpacdam u3 I u K rpacam, NoJyIeHHBIM H3 I ¢ IOMONIBIO Oneparuil
CKJICHKH.

[Iponece mocTpoenns rpada (G w3 rpagoB MHOKeCTBA I 32138 0NEPAUUI0 CYNepnoau-
yuu rpacos u3 3. Ecin B onepanun cynepnosummn Xots Ol 0HH 13 rpadoB-01epaH,ioB
K&K JIOi Omepamiy CKJICHKH NPHHAIEKAT MHOKECTBY S, TO omepalys Cynepro3uiuy
HA3BIBACTCS KAHOHUMECKOU.

MuoxkecTBo Beex rpadoB, MOJIyUeHHBIX H3 S ¢ TOMOMIBIO ONepaImil cynepro3HIimi,
oboznavaercs depe3 [3]. Ecim [I] = S 1o knace I HasbiBaeTcst 3a.MEHYMbLM




NMopoxparowme 6a3uncol

[TojmuokecTBO Tpado ' C I obpasyer noamyto cucmemy rpadoB 3aMKHYTOrO
kaacca S, ecmn [§] = Q. Munrnmanbuas 1m0 BK/IOYEHHIO noJHAsS cucreMa rpados B,
HA3BIBAETCS AMEMEHMHULM 6a3UcOM 3aMKHYTOTO Kacca <.

Onepamun ¢ w3oMopdHbIME T0rpadamit cKieliki G 0THOCATCS K 0JHOMY muny.
MuoxkecTBO, cojiepKaee MEHIMA/IBHOE 10 BKJIIYCHHIO YHCI0 THIIOB Onepamuii cK/ieii-
KH, JIOCTATOYHOe s MocTpoeHns u3 B, Beex rpador 3aMKHYTOro Kiaacca § obpasyer
ero onepauuonnnd basuc B,. Onepanunonnsiii 6aszuc B, 3a/aeTca MHOKeCTBOM rpados,
n3oMopcHbIx orpachan ckeiikn G.




H-3aMKHYyTBIE Kj1acchl rpadoB

[Ipu Buimo/HeHMK Onepaumit ckyeiiku o/Hu cBocTBa rpadOB-0NepPaHIOB MOLYT
COXpaHATLCSA, a Apyrue Her. [list Hacie0BaHNs 33 JAHHOIO XapaKTePUCTHIECKOro
cBoifcrsa rpados B o0weM ciyyae MOryT norpedOoBaTHCA OPAHHYCHHS HE TOJIb-
KO Ha Nopoxzawoune 6a3uchl, HO ¥ HA BLIOOP OTOXKAECTBJISEMBIX NOArpadoB B
rpadax-onepasax 1 caM crocod 0TOXK JCCTBJICHNS (GHYMPENNUE 02PANUNENU ).

Kpome TOro, BO3MOXKHBI OrDAHHYECHHS HA ONEPALUH CKJCHKH, BIHSIONME HA
nopsiiok cbopku rpacdos, TO eCTh Ha BLIOOP onepanuit CyneprosuLuy (enewnue
ozpanuvenus). K BHOIIHUM OrpaHHYeHHsIM MOXKHO OTHECTH, HANpUMep, TpeboBa-
Hust, 9T00bI noArpadbl CKICHKH ObUIH MOPOXK ACHHBIMH KK YTOOLI HX BEPUIHHBI
00pa3oBbIBATIH B pe3yabTHpYOMMX rpadax pasiensionye MHOXKeCTBA (TYIHKO-
BbIC WM MHHHMAJILHBIE)H T. 2, Breline orpannyenns MOIyT BIRATH HA BEJIHYHHY
H30LITOYHOCTH ONUCAHUSL.

CucTembl BHYTDEHHHX M BHELIHHX OPpaHudYenuit 0003HAYAIOTCH ¢ HCIO/b30-
BaHueM cuMBOJa H M COOTBETCTBEHHO paccMaTpUBAIOTCH onepauun H-ckieliku,
H-cynepnosuuuu u H-3amMKnyTHIe KIaccst rpados.

[lopox saouiue Ga3uchl BMECTe ¢ CHCTEMOI OrpaHHyeHuil Ha Onepaluy
H-cxueiikn 3312101 xoncmpyxmuenoe onucanue H-3amMxuyroro kiacca rpados.




CTpyKTypa 1 cnocobbl NOpoXKAEHUA
H — 3aMKHYTbIX KnaccoB rpados

Kasx qptit H-3amkuyTeiit k1ace rpad)oB UMeeT eJIMHCTBEHHbIH 3J1e-
MEeHTHBIH Da3uc 1 10 KpaitHeit Mepe 0UH onepanuoHHbLl 6a3uc.

Cywecrsyior H-3aMKHyTble KJacchl rpadoB €O CYETHBIM IEMEHT-
HBIM ¥ (WM ) OnepaoHHbIM Ga3ucamMH.

Moumocrs MHOKecTBA BeeX H-3aMKHYTHIX KaaccoB rpad)oB KOHTH-

HyaJIbHA.




MpuMmepbl KOHCTPYKTUBHbLIX ONMUCAHUMN

Konempyxmusnoe onucanue H-3aMkHyTOrO Ki1acca S 3aaercs Tpoiikoit <H, B,, B, >.
K macrosmemy BpeMeHH 10/1y4eHBl KOHCTPYKTHBHEIC ONHCAHHS [Isl KJIACCOB BCEX I'Pa-
dos, MynsTHrpadoB, 0OHIKHOBEHHBIX IPacOB, TPHAHTYIMPOBAHHEIX, [JIAHAPHEIX, [BY-
JIOJTBHBIX,, PACIIEIISIeMBIX, Si1ePOBIX, FAMHIBTOHOBRIX,  TAKKe 1 IpadoB ¢ pas/imd-
HBIMH KOMOHHAIMAME YKa3aHHBIX CBOCTB.




Knaccobl Bcex rpadoB n mynbturpados

Pesynwrupyiomuii rpad m000it onepamum cK/IeHKH cOXpaHseT TaKie CBOiiCTBa rpados-
OmepaHi0B KaK OTCYTCTBHUE H30IMPOBAHHBIX BEPIIHH, nere b win pebep. Eciu Bee rpadnt
U3 3J1eMeHTHOrO 6a3uca B, CBS3HBI, TO Jyis MOJyYeHHs HECBS3HBIX rpadoB B oneparm-
onHI 6azuc B, HeobxomMmo BKiIovyenne Hy/Ib-rpada (.

Jamrnymuil xaace ecex 2paos umeem aaemeHmmubili basuc
B, ={0,,C, K3} u onepayuonnwui 6azuc B, = {0y, 01, 0,}.

Jamxuymouili xaace myavmuezpados umeem anemenmuwili basuc
B, ={0,,K3} u onepayuonnwiii 6azuc B, = {0y, 0,}.

Kaxk aprit rpad moxkeTr OBITH NOJIy4YeH € MOMOIILI0 KAHOHUYECKOH cymep-
IO3UIIAH.




OObIKHOBEHHbIe rpadbl

Onepauunst H-ckiefiku coxpausier OTCYyTCTBHE KPATHBIX pedep, eciu Kasxk ol
nape HecMeKHbIX B G BePIINH, COOTBETCTBYET 1APa HECMEKHBIX BEPIIHH XOTs 6bl
B 0/HOM 3 rpacdos-onepanios Gy u Gy (onepamun < H »-cxaetinu).

< H »-3amrnymuiti ®aace npocmux 2pagos umeem anemeHnmmnili
6aauc B, = {01,K>} u onepayuonnsiti 6asuc B, = {0y, 0 }.

OrcyrerBue KpaTHbix pebep COXPAHSIOT TAKXKE ONEepalud CKIeHKH, YI0BJe-
TBOpsIONIHe DosIee CHILHOMY OrPAHHYCHHIO, KOIJA OTOXK JeCTBJIsieMble 1o/ rpadust
SABJISIOTCS NOPOXKIeHHbIMU (onepamuu < H >-cxaetiu),

< H >-zamxnymoidi xaace npocmux 2pados umeem cuemuwie dae-
MEHMHBL U onepayuorHbitl basucst.




TpuaHrynupoBaHHble rpadbl

Tpuanryiuposannsie rpadst He cojepxar uukaos 6e3 xopa. Xapax-
TEPUCTHYECKOE CBOMCTBO COXpansioT onepamun HE-ckieitku, B KOTOPLIX
noarpadsi ckeliku G AB/IIOTCS MOMHBIMAL,

Topox saomue Gazucet HY -3aMKHyTOrO KJ1acca TpPHAHIYIMPOBAH-

HbIX rpadoB
B, = {01,K2,K3)- . -},Bo = {OO»OIaK2,K3,' . }




MnaHapHble rpadbl

Muannmanboit n30LITOYHOCTLIO 00712 210T ONUCAHHS, C HCIO/IL30BAHHEM OlIe-
paumit HP-ckieiiku, B KOTOPBIX BePIIMHbLL OTOXK JECTBISEMbIX 10ArpadoB npuHa -
JIe’KaT MPAHMLE O/HOH rPAHK B IVIOCKHX YKJaJAKaX rpados-onepanjioB u OTox-
necraenne sepimi npoussozures npi |V(G)| > 4 B nopsxe kpyrosoro 06xosa
rpasei.

[opox patouue 6azucst HP-3aMkHyTOrO Kaacca nanapasix rpados

B, ={01,C1,K3} u B, ={0p, 01, 02} coBnazaior ¢ nopox saioummu 6asu-
caMH 3aMKHYTOrO KJ1acca Bcex rpados.

[Ipn HanoKeHun JONOIHATE ILHBIX BHEUIHHX Orpanuyenuit Ha onepauun HP-
CKJIGHKH MOIIHOCTH M COCTAB MOPOXK JAOMMX OA3UCOB MOKET CYLIECTBEHHO H3Me-
HSTBCS.




BnusiHne BHELWHNX OrpaHU4YeHnmn

Orpanmmnmes K1accoM OOBIKHOBEHHBIX CBA3HBIX mianapusix rpados (onepa-
win < H? »=-ckyeiikn). PAcCMOTPHM KOHCTPYKTHBHBIE OMHCAHMS IPH HCHOIB30-

-< HY > - ckyiefiky, npy BBINIOJIHEHHH KOTOPBIX MHOMKECTBO V(G)
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I'pacder, npn cunTese KOTophix He 000iTHCHL D3 onepanuii CKIeHKu
10 YKa3aHHLIM nojarpadam
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-< HP > - cxaefiku, 1py BLIIOJIHEHHN KOTOPBIX Pa3Jie/IsIONIee MHO-
xkectso V(G) apasercs munnMabuby B G

Be - {OI’K29K3aK4}; Bo - {01,021 K21039 (KIOK.?)OO, L‘3’K3, 041
(02 0 K2) 0, (01 0 L3) Oy, (K> 0 K2)0p, L4, Cy, L5, Cs }*

-< H?, > - ckaeitku,s koropsix npu Munmmassuocrs |V (G)| sumn-
maibho 1 |E(G)):

Be = {OI,K29 K31K4}1Bo — {01,02, K2,03,(K10K2)O[),L3,K3,04,
(02 0 K2)0, (K3 0 K2)0g,(01 0 L3)O, L4, Cs4,05, (03 0 K2)Op, ((K2 o
K3)0p ©01)0,(02 0 L3)0p,(01 0 Ls) O, (K2 0 L3)0p, Ls, Cs}*;

OrPAHH Y HIS < H? » < HP - < HE> <_H’° >
nopox miomue | B, = {0, Ks} | [B.| =4V | [B,| =4 |1B.| =4




AunepoBbl rpadbi

XapaxkTepHcTHIeCKOe CBOHCTBO COXPAHSIOT ONePAliH, B KOTOPBIX [01-
rpadst ckelikn G cofepKar BepIIHHEL YeTHOH crenenn. MunuMaIbLHOMN
U3BLITOYHOCTBIO 00/1aAeT omicanne, Korja G ABISETCS IyCTBIM NMOJ-
rpaspom (onepammn H%-cxedixu).

Kaace ceasunx atineposuir 6 H'-aamxnym ¢ nopoorc-

~ f ~ ~
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Kanace sitiepoBbix mianapHbix rpados uMeeT TpH KOHEYHBIX Onepa-
IMOHHBIX Ga3uca

By ={01,03,08}, B ={01,03,04}, B} ={01,02,05}

D10 CO33eT BO3MOKHOCTH Il MOCTAHOBKM 33734 ONTHMAILHOIO
cuuTe3a rpados.




OByAaonbHbIe rpadbl

Xapakrepucruueckoe cBoficTBo coxpausior onepauun H°-ckieiiku,
B KOTOPBIX Vsl KA 0l napsl Bepunn u3 noarpada ckaeiiku G coor-
BETCTBYIOLHE UM BepiinHbl B rpacdax-onepangax G u Gy coe MHSIOTCS
HenAMHU ¢ OJAMHAKOBONH YETHOCTBIO JLIMH.

Topox sawomue 6azuckt H -3aMKHYTONO Kacca By I0/bHBIX rpados
B, ={01, K>} u B, ={0p,0}.




[AaMUNBTOHOBLbI rpadbl

Xapaxrepucruyeckoe cBoiicTBo coxpausior onepanun H-craetinu,
OTOX JIECTBJIsIeMble [0 rpadbl KOTOPLIX COJACPIKAT BCE BEPUIMHBI XOTH
Obl 02HOrO U3 rpadoB-onepan OB JudO M0 2 CMEKHbIC BEPIUINHbLL HX Ia-
MHJIBTOHOBBIX IUKJIOB.

< Hy = - 3amenymoili Kaacc 00bIKHOBEHHBIT 2GMUABTMONO-
ez 2pagos umeem aremenmuniti 6asuc B, = {Cs, Cy,...}u odun
u3 mpex oneparuonnsir 6asucoe B! ={L,, Cy,Cs,. ..},

B2 ={Ls,Ls,...}, B} = {Ls,(Ly oL )O},n,n > 2.




N36bITOYHOCTb KOHCTPYKTUBHbIX ONMUCAaHUMN

Onepaupn ck/eiiky BHOCAT H30LITOYHOCTL B 3aJaHKe HHDOPMALMH
o rpadax, no3soasst HOPMYIHPOBATH YCJIOBHS HACJEAOBAHUS PA3JIHY-
HBIX XaPAKTePHCTHYECKHX CBOMCTB rpad)oB B BHE OrpAHHYCHHIT HA BH

OTOXK JeCTBIsieMbIX 1o arpacdos, ux BuIOOp B nojrpadax-onepasjax u
Criocod OTOXK1ECTBJICHHS.




BepwunHHaa u pebepHana n3dbITOYHOCTb

N30bITOYHOCT KOHCTPYKTHBHOIO OLUCAHMS MOXKHO pa3dHUTL HA JBe
KOMIIOHEHTBI: BePUIMHHYIO ¥ pedepuyo. Bepiumunas u30bITO9HOCTD OLe-
HuBaercs 1o ¢opmyie

2 V(@)
I (G) = I‘}(G')I 3
r/ie ¢ - YMCJIO Onepanyii CKICHKH B CYNepPHO3UIIY §, pean3yomei rpad
G, Gi-noarpad ckieiikun -0it onepaunuu.
Hnst onenkn pebepHOit H3OLITOYHOCTH HCNOABL3YeTCst (hOpMYyJIa

1(G) = > |E@G)

[E(G)]




BepLwrHHaA 3bbITOYHOCTbL 3UNepoBbLIX rpacdos

ITycrs S, MHOMKECTBO N - BEPUIMHHBIX ODLIKHOBEHHBIX 3i1/1ePOBBIX
rpacdoB; S - MHOKECTBO BCEX CyINEpIO3HIIHii, PeaIn3yIOuuX IPOU3BOJIb-
ubtit rpad G € S,,. Onpezennm byskumo I, (S,,) MLEHHOHOBCKOIO THIIA

4 8 — . —
min I5(G) =1,(G); max 1,(G) =1,(3n).

Teopema I,(S,) = 5>

Hnst mpoxkecrsa 3P nyianAPHBIX N - BEPUIMHHLIX 00BIKHOBEHHBIX 3if-
nepoBsix rpados crpase yIMBO

Caedecmeue 1,(3%) =2 - S,




PebepHasa n3bbITOMHOCTb FraMUNTETOHOBbIX
nnaHapHbIX rpacgpoB

Onepanun, COXpaHsOUHe raMHILTOHOBOCTD, IVIAHAPHOCTL U OTCYT-
CTBHE KpaTHbIX pebep 0b03Haualores Kak onepauun < H,, > - ckaeiiku.

IMycrs S, MHOXKECTBO N - BEPUIMHHBIX PaAMUJILTOHOBBIX I1JIAHAPHBIX
rpados; S muOKecrse Beex < H,, > - cynepnosunuii, peanusyommx
rpad G € S,. Onpegennm byskumo I (S),) MEHHOHOBCKOrO THIIA

min I (G) = I(G), max L(G) =I¢(Sn)

Teopema ITpu n > 3

j -




OOpaTHble 3apgauun

HeobxomMo onpe geauTh XapakTepucTuyeckue cBoiicrsa rpados no
33 JaHHBIM [OPOK JAIONNM Da3KCaAM COOTBETCTBYIOMINX 3aMKHY ThIX KJ1aC-

COB.
A1 BaMKHY ThIX KJIACCOB rpaoB BBOJUTCH NOHATHE 0G3UCHOT N ped-

noanomst. Knace 3 siBasiercst 6a3uCHO npe oHbIM B Sy 110 /1@ MEHT-
HoMy Dasucy, ecymt B, knacca Sp He COZEPKHT OHONO u3 rpados sje-
MeHTHOro 0asuca KJjacca Sz M IPH 3TOM ONepanuoHHbIe Da3uchl 000K X
KJIACCOB COBIAJAIOT. AHAJIONMYHO, KJAACC Jp SBJISETCS MPEIONHLIM B
2 no onepanuonHoMy 6asucy, ecym B, kaacca S He COACPKHT OHOIO
u3 rpacdos onepannoHHOro Hazuca Kjaacca Iz ¥ NPH ITOM IEMEHTHLIE .
Aaruenr NANUY ¥ Tarcnn CORMA TAWYD
Beuia nocrpoena pemerka Beex 0azMCHO Mpe JIOJHBLIX 3AMKHYThHIX
KJIACCOB, MOPOXK/AeMbIX I10MHOMXKECTBAMHU 3/IEMEHTHOrO M OleparHoH-
HOro Da3KUCOB 3aMKHYTOIO KJacca Beex rpados.







Bepx pemrerkm

(3 (4

1. [01, C1, K2]{00,01,02} - BCe rpadswi.

2. [01,C1,K3]{01,02} - cBsa3ubIe rpadsbi.

3. [C1,K3]{0p,01,02} - rpadst 6e3 H301MPOBAHHBIX BEPILIHH.
4. [01,C1, K32]{00,01} - rpadust 6e3 nukios Cp,n > 2.

5. [01,C1, K2]{O0,02} - rpacdut Ge3 "pomamex".

Hwu3 pemerkn

35. [K]{K>} - pebpo.
36. [C1]{C1} - neras.
37. [01]{0O:} - Bepumna.
38. [Op] - nysnb-rpad.

35 36 37
38




OHCTPYKTUBHbIE ONMNCaHUA U XapaKTepuctnieckume CBOMCTBA

ANA KnaccoB CBA3HbIX rpacgoB

B.\B, 01,02 02 O
0,1,Ch1, K> Bcee cBsi3ubIe I'pap Ci1 wmam Ipadst
rpadbt MyabTHrpad bl 0e3 HUKJIOB
cN<L2 Ca;n>2
C1, K, I'pabsrc M > 1 I'ad C; wam |Tpadper ¢ M > 1
MyabTUrpadb 0e3 LHUKJIOB
0., K, Myasrurpadst Myasrurpadst Hepesbs
cN<2
K5 Mynbrurpadst Myabrurpadst Hepeebst ¢ N > 2
e N->2 cN=2
0,,C, — — I'papsric N =1
Ch — — I'paper ¢ N = 1
unM>1




\OHCTPYKTUBHbI€ ONMNCaHUA N XapaKTepuctnieckme CBOMCTBA
AnsA KfaccoB Fpa(bOB, AonycKarowux pas3mnnmyiHoe 4Ynmcno

KOMIMNOHEHT CBA3HOCTU

B.\B, 00,01,0- 0o, 02 00,01 Oo
Her rpacdos I'padwr Ge3 K;):;r;c;ueﬂiu
0.,,C1, K> Bce rpadust cN=1n UK JIOB X
M>2 Cp, 0 >2 M30MOD(HEL
- IR O 1V C 1V Kg
I'padst ¢ co- parOes KommnonenTtst
I'padur 6e3 N30JIH POBAH-
BePIICHHBIMH CBSI3HOCTH
Ci, K> M30/IMPOBAH- HBIX BEpIINH
ST T napocoyera- - n30MOpGHLL
uusmu pedep ! C. n>?2 Ci1 VK,
s —
Komnonentsr
CBSI3HOCTH
04, K5 — Mynbsrurpadst Jleca SsGR
01V K>
Myasrurpadst e KommnonenTst
¢ coBep- Jleca 6e3 u30-
K 0e3 u30/Mpo- CBS3HOCTH
2 IICH HBIMH JIMPOBAHHBIX
BAHHBIX n30MOpQHLI
apocoYera- BepPIIHH
BepIINH K2
HusAMHU pebep




Komnonen et

01,C1 I'padsbl ¢ 0HOBEPUIMHHBIMU KOM-|  CBSI3HOCTH
HNOHEHTAMH CBSI3HOCTH 130MOpHbLL
01V Ciq
Ci KomnonenTer KomnonenTer KomnonenTst
CBSI3HOCTH CBSI3HOCTH CBSI3HOCTH
cn = 1lu|lcn =1 130MOPdHbLL
m>1 m>1 Ch
M-N = 2k,
k=0T
01 = — Hycrue

rpadnt




anIﬂO)KeHVIFI KOHCTPYKTUBHbLIX On MCcCaHnu

Ucnons3oBanie KOHCTPYKTHBHBIX OMHCAHMI YISt DELICHHS PA3/IHy-
HBIX [IPUKJIA/HBIX 33714 HA rpadax OCHOBBLIBAETCS HA BBIOOPE B KAYECTBE
HeXO/bIX (DasucHbIX) TakuX rpados, A1 KOTOPHIX PacCMaTpHBAEMAst
3aJa4a jonyckaer 3 deKkTusHoe perienue.

HeobxomMo takke yunThiBath nopsiok c6opku rpacda. Ilpn srom
YA00HO [0JIL30BATHCS KAHOHHYECKHMH CYIePIO3HLMSAMH.




|. 3koHOMHOe KoaupoBaHue rpadoB

Ienbio 3xkoHOMHOTO KOupoBanust rpados sasiasercs "cxkarue'coor-
BeTcTBYIOUeH nHdOpMauy, TO eCTh COKpalleH e J/IMHbLL KoJa rpada.

Bozbmem B KagyecTBe HCXOMHBIX rpacdOB MOMHLIE I - BePLIHHHLIE IPa-
bbl, gonyckaome SKOHOMHOE KOJIMPOBAHKE [IePevnC/IeHHeM CBOHX Bep-
mng. PaccMorpum onepanmn CKAEHKH 110 NOPOXK AeHHBIM 10 rpadam,
cozepxKaimM 1o § sepumH. [enepupyembie npu 31oM rpadsl OTHOCATCS
K Kzaccy (r, s)- zepesbes.IIpn 3ToM Z0nycTHMA KAHOHNYECKAs! CyIIepIio-

3UIUSA.




. KoanpoBaHue nome4yeHHbIX (r,S) - AepeBbEB

[IpoussonbHOE noOMevenHoe (1,8) - JepeBo, CoJepKallee N BepLIHH
MOZKHO B3aHMHO OZIHO3HAYHO 3a/1aTh KOZOM VIMHbI

r(n - s)
r—s

n0g2 n])

B KOTOPOM B IPOM3BOJILHOM HOPSJKE [OCJI I0BATE/ILHO 3alHCAHBI HOME-
pa BepumH Beex ero (n — 8)/(r — ) noarpados K,.. Yucao noarpacdos
K, ua emuuny 060/bliie Yuc1a onepanmii ckieikn




[JekoaupoBaHMe NOMeYeHHbIX (r,S) - AepeBbLEB

JekompoBanne OCYUIECTBIISETCS IyTeM 3aMeHbl 09ePeIHbIX 7* YHCeJ KO-
1a noarpadom K, ¢ COOTBETCTBYIOUMMY HOMEPAMH BEPIINH. 3aTeM TH
noArpadsl CKJIEHBAIOTCS 110 OOIIMM BEePIINHAM.




| l OueHkKa ANUHbI KOOA NOMeYeHHoro (r,s) - pepesBa

Yucao pebep B n -BepumHHOM (7, 8) -AepeBe paBHO 4ucay pebep BO
Beex noarpadax K, HCIOL30BABLUINXCH [IPH €ro MNOCTPOEHHH, YMEHb-
IIEHHOMY Ha YHCI0 OTOXK JACCTBJICHUI pebep, PABHOE MPOU3BEICHHIO YHC-
na onepamuit ckiaeiiku (n — r)/(r — 8) va s(s — 1) /2 - yuco pebep,
OTOXK JICCTBJIAEMBIX DY BLINOJHEHUH KaxK 0¥ onepanuu

(n—s)r(r—l)_(n—r)s(s—l) _n(r+s—1)—sr> (n — 8)r
r—s 2 r-s 2 2 =2

m =

Ipu r — s > 2 mymna koza He npesocxomT m [log, n].




l KoaupoBaHue HernomeyeHHbIX (r,s) - AepeBbeB

[Tpoussesenm pa3bopKy NpOH3BOJILHONO HEIOMEYEHHOro (1, §) - Aepe-
BA, B 1105 IKe 00PATHOM K HOPsAKY ero cOOpKH 1pH HEeKOTOPOl KAHOHH-
4ecKoit cynepno3unuu Ha g rpadamu K.

3aHymMepyeM 10C/eI0BaTe/ILHO YA 1sieMble IIPY TOM Pkl U3
r — & BepummH crenenyn r — 1. Ilopsgok Hymepanun nocsie JHuxX r Bepunyg
[IPOU3BOJIEH.

Hnst kask 7Io#t yansieMoil Ppynisl U3 © — § BePIUIMH B KOJ| 3aHOCATCS
HOMEpA § CMEXKHbIX ¢ HUMH BepumH. [Ipu 310M nosyyaem Ko yIMHbL

221 flogy .




l [exoanpoBaHMe HenoMe4YeHHbIX (r,S) - AepeBLEB

HexompoBanne OCYLIECTBIISIETCS BblJAeJICHHeM BepuinH noirpados
K, nyrem pa3buenusi KOJa Ha CerMEHTHI, COJAepIKaliye 10 § HOMepoB, K
KOTOPBIM JI00AB/ISIOTCH OYepe JHbIe ' — § HOMEPOB M3 MACCHBA HOMEPOB
Beex sepumH. K Boigenennsiv noarpagam K, aodasnsiercs noarpad K.,
BEPIUIMHBLI KOTOPOrO0 HYMEPYIOTCH MOCJIeJHUMH ©* HOMEpaMH. 3aTeM 3TH
noArpadbl CKIenBaOTCs M0 OOLIMM BEePIINHAM.




l' LeHKa ONHbI Koga HenomMme4veHHoro (r,s) - aepeBa

Koz nenomeuensoro (r, 8) - aepesa na nlog, n| 6ur skoHOMEEE K013
NOMEYEHHOTO (1, §) - Aepesa.

Taxum obpaszom, npu r — § > 2 JIHHA KOJA HEIOMEYEHHOrO (1, 8) -
zepesa He npesocxoaut (m — n)[log, n).




Mpnmepbl KOAUpPOBaHUSA MOMEYEHHOro U
Henome4yeHHoro (3,1)- aepeBa ¢ 9 BepwMHaAMM

Cayqaitnas nymepanys Hymepauus B nopsike obparaas K nops Ky coopku
6 ]\ A 7 1 [\ /l 3
3 1 : i £ '
s 6
o .8
Bo3moxkabii KO O Ho3Ha4YHbIH KO/

248157036314 456




. KodupoeaHue noMe4yeHHbIX S - AepPeBbLEB

8 - JepeBbsAMH Ha3bIBAOTCA (7,8) - gepeBbst npu r — s = 1. IIpo-
H3BOJILHOMY MOMEYEHHOMY § - ZePEeBY, COACPIKALIEMY N BEPIINH MOXKHO
B3AHMHO O/[HO3HAYHO COINOCTABATL KOJ JYINHBI

s(n — s — 1)[log, n].

Koy cocrasiisiercss u3 HOMEPOB BEPUIHH, CMEKHBIX ¢ BePUIMHAMY CTele-
uu . Ilpu 9roM BepuIMHBI CTENEHH § MOCAEI0BATE/ILHO YAAISIOTCS U3
rpada B nops ke BO3pacTaHus KX HOMEPOB J0 TexX Iop 1oKa B rpade He
ocranercs noarpad Ky 1.




. HekodupoeaHue NoOMe4YeHHbIX S - AepeBbeB

JlexompoBanue OCYIIECTBIISETCS BbIe/ICHHeM BepuinH nozarpados
K41 nyrem pasduenus Koja Ha CErMEHTBL, COJLPIKALIME 110 § HOMEPOB,
K KaXJOMY M3 KOTOpbIX J00aB/sileTcss MHHUMAIBHBIA HOMED M3 MacCH-
BA HOMEPOB BCEX BEPUIMH, KOTOPOIO HET B TEKYI|eM (HCXOHOM) KOJe.
[Ipu 3roM HOMEp HAlJPHHONR BepUIMHBLI K HOMEPA BEPLIKH OYepeHOro
cermenta yzasiorcs. Ilocsie nosyuenns nycToro KoJa K BblJe/IeH HBIM
noarpadam Kypq aobasnsiercs noarpad Kyiq, Bepmusl KOTOpOro co-
OTBETCTBYIOT OCTABIIMMCS HOMEPAM B MACCHBE HOMEPOB BCEX BepLIHH.
3arem noarpadst Ky g CKIHBAIOTCA 10 OOLIMM BEPLIMHAM.




l KoduposaHue HenomMeYyeHHbIX S - fepeBbLEB

[Ipoussesem pa3bOpPKy MPOU3BOJILHOIO HEIIOMEYEHHOIO § - JEPeBa, B
nopsi IKe 00PATHOM K NOPSIJKY ero ¢cOOPKH 1P HEKOTOPOi KAHOHHYeCKOi
cyneprosunuy Haj rpadamn K, ;.

3aHyMepyeM 10C/1e I0BATE/ILHO Y a/IsieMble [IPH 9TOM BEPIIHH CTere-
un 8. Ilopsiiok nymepanuu nocseux s + 1 sepumn npoussosen.Koj
COCTABJISICTCS. M3 HOMEPOB BEPIIHH, CMEXKHBIX € Y/JAJIeMbIMH BEPIIHHA-
MH CTEleHH 8.

JmHa K014 npu 9T0oM TaKas XKe KaK U s HeIOMEeYeHHOIO § - JiepeBa

s(n — s —1)[log, n].




. HekodupoeaHue HernoMeYeHHbIX S - AepPeBbLEB

JexompoBanue 0CyLeCTB/IACTCs Bl esieHieM BepimH noarpados Ky
nyreM pa3bneHns KOJa Ha CErMEeHTHI, COACPIKAIINe 110 § HOMEPOB, K Ka K-
JIOMY M3 KOTOpPBIX JA00aB/sieTcs nepsbiil (MHHUMAJILHBIN) HOMED H3 Te-
Kyuiero (HMcxXoHOro) Maccusa HOMepoB Bcex Bepuins. IIpu srom mMunB-
MAaJIbHBIH HOMED ¥ HOMEpPA BEePIUIHH 04YepPeHOr0 CerMeHTa yIAIAI0TC U3
coorsercrByiommx MaccupoB. Ilocse nosyyenust nycroro Koja K Bblje-
nAenHbiM noarpadam K,y gobasasiercs noarpad K, g, BEpUIMHEL KOTO-
pPOro COOTBETCTBYIOT MOCAEAHUM $+1 HOMepaM B MacCHBE HOMEPOB BCeX
BepuinH. 3areM nojrpadst K, CKIGHBAIOTCS 110 OOIUIMM BepIIHHAM.

Takum 00pa3oM, UCNOIL30BAHKE CHENHMAILHBIX HyMepaluit BepiinH
§ - JiepeBbeB, He COKpALIasi NIMHBL KOJA, [103BOJISET COKPATHTh TPY IO~
eMKOCTb ajropurma aekoauposanus ¢ O(n?) a0 O(n)




Il. OnTmManbHbIe HyMepauuu BepLUnH

IIycrs G(V, E) rpad, copepxamuit n sBepumn; A = {a,a9,...,a,},
a; < @jp1,t=1,2,...,n—1- MHOXXECTBO U3 N HATYPaJbHLIX ynces. B3a-
HMHOOJHO3HAYHOE 0Tobpaskenue ¢ : V (G) — A naszbiBaeTcst nymepayueti
eepwun rpacda G (aymepanueit rpacda), a maoxkecrso A - nymepyroweti
nocaedosameavnocmsio rpacda G. Paccmarpusaercss hyHKIHOHA

A¥YG = Z(v,-,v,-)eE | (vi) — (v;) |,

rie CYMMHUPOBaHME IIPOU3BOIUTCS 110 BceM pebpam rpadra G. Jliobas ny-
Mepanus, Ha KOTopoit aocruraercs min, A¥G = AG , Ha3eiBaercs Mmu-
numarbnoti nymepayueti rpacdha G. Ilpu pemiennn 337394 IOCTPOCHUS
MHHUMAJIBHOM HYMeEpPalMH J0CTATOYHO OIPAHUYHTHLCS PACCMOTPEHHeM
cBsaA3HBLIX rpados G, NOCKOJILKY B IMIPOTHBHOM CJAYy4ae 3aa4a pPacrajia-
eTCsi Ha HEeCKOJIbKO HEe3aBUCHMbIX 110134 1a4. VI3 BH 13 MUHHMH3HPYEMOro
dbyakuuonana ciaeayer, 94ro, He OrpaHHYNBas OOLIHOCTH PACCMOTPEHUS,
MOYKHO IOJIAraTh, YTO HYMEPYIOLAs I10CJIeA0BATE/IBHOCTL COJACPIKHUT 7
[epBLIX HATYPaJIbHbIX unces, T.e. A = 1,2, ... n. IIpun srom AG He 6onb-
e, 9eM npu BuIOOpe 000 APy roi HyMepyIoLieil 11ocJ1e 10 BaTe/JIbHOCTH.




CBouncrtBa MMHMUMarbHbIX HYMepauumn

DAanIiiiiAdull MmaNnaopbLAabD

st pemienusi 3a7a49M NOCTPOSHMST MUHHMMAJILHON HyMepaluu Bep-
IIMH JIEPEeBbEB B Ka4YeCTBEe HMCXOHBLIX rpadOB KOHCTPYKTHBHBLIX OIHCA-
HHIl y00HO B3sTh MHOXKeCTBO nerneit. MuanMmasibHble HyMepanuy ueneit
ABJISIOTCA MOHOTOHHBIMH.

N3 muOXKecTBa nerneii ¢ noMombo onepanuii ckiaeiikn no J1 crpo-
uTcs J11000e siepeBo. st COKpaleHns YMciia CKJIeeK OTOXK JIeCTBJIsIeMast
BEepUIMHA XOTHA ObI B 0HOM rpade-onepaHie J0J/I>KHA UMeTh YeTHYIO CTe-
nesb. IIpu sTroM 10nycTHMA KAHOHUYECKAs! CYHEePIIO3HIHS.

Ecin ¢ MmuanmasibHas Hymepanus gepesa t(V, E), 1o ero Mo>KHO pa3-
JIOJKUTh HAa I0CJIeJOBATEIBHOCTE MOPeDepHO HenepeceKaloUMXes eneit
O'J'(Vj, Ej), ] — 1, “eay Z, TaKHX, 4TO:

1) KOHLEBbIE BEePUIMHBI [eneil SABJSIOTCS BHCAYMMH B TeX I10JJepe-
BbAX, B KOTOPDLIX OHH BbILJCJIAIOTCH]

2) HyMepaumsi Kayk J0oi 1enu MOHOTOHHA, & HyMepyIolue [10cJ1e 10Ba-
TEJILHOCTH BCEX MOJEePEeBLEeB, OOPa3yIOUIUXCH B IIPOLECCe Pa3/IOKeHus,
CILIOUIHBIE.




Bbi16op cynepno3uuunm

st mocTpoeHnsi MHHUMAJILHON HyMepanuu HeoOX0 MO HANWTH CO-
OTBETCTBYIOIIEE PA3JIOXKEeHHE JepeBa Ha NopebepHO HerepeceKalouHecs
nenu. PeKypCHBHBIH a/JIrOPUTM BbIJIEJICHHS LENEH HMeeT TPYIA0eMKOCTh
O(n'°823). Peajm3syemble npu 9TOM CyNeprosdiuu B oOLMIEM CJIydae He
SIBJISIIOTCS KAHOHHYECKHUMH.

Paccmarpusasnocs perenue 3312491 NOCTPOSHUS MHHHUMAJILHOM HYMe-
pamu B KJjacce KaHOHM4YecKuX cyneprnosunumii. Coorsercrsyiomme Jin-
HeMHbIe YKJIAJAKH J0MNYCKAIT NeOMeTPUYECKYIO Pealn3aluio JIePeBhes B
noJ1yniockocTy. I'enepupyembie pu 3TOM HyMepalUy BepIIMH HA3LIBA-
I0TCH NAOCKUMU.

ITnockast nymepauust gepesa t(V, E) sBisiercss MUHMMANLHOM TOr A2,
1 TOALKO TOorza, Korja uenu o;(V;, Ej),7 = 1,...,1 npoxogar uepes
BEPIIHHLI JEPEeBa 10 BETKAM, COJACPIKAIMM HANOO/bIIee YUC/I0 BEPIIUH.




ANroputM noCTpPoOeHUsA MMHUMaribHOWU
NOCKOU HyMepauum

1. Buibpars B Tekyiiem nojiepese pasiozKeHus: (HCXOHOM Jepese)
IPOM3BOJILHYIO BEPIIMHY JEpeBa .

2. [lepeiiTi Or BepLIMHLL ¥y 0 BETKAM ¢ HAHOOMLLINM YHCJIOM Bep-
IMH B HEKOTOPYIO BUCAYYIO BEPIIMHY ;.

3. Haunnast or Bepuinssl v1, NOCTPOUTH 110 BETKAM € HAHOOJBIIMM
YHCJIOM BEpLIMH Lellb B HEKOTOPYIO JPYIYI0 BUCSYYIO BEPIIMHY Us.

4. IIpucBouTh BepIIMHAM V1 H U2 HANOOJIBLIAE X HAUMEHBIIIHe HOMePa
M3 JMANa30Ha, BbIJEJIEHHOIO 10| TeKyllee noAepeso pasioxenus (1 u
N it KCXOZHOrO JepeBa).

5. 3anymMepoBaTh MOHOTOHHO Ielb, COCJNHSIONIYI0 BEPUIMHLI U1 H
V2, OCTaBJISAS 1101 KAXK JI0€ BbIAE/IsIeMOe 110/1/IePEBO Pa3JIOKEeHHs COOTBET-
CTBYIOIIHE JHANA30HLI HOMEPOB.

[Ipoueaypa nosropsiercst 0 TeX mop, MHokKa He OyAyT 3aHYMePOBAHLI
BCE BePIIHHBL.




A PheKTUBHOCTb anropuTtma

Hnst peanmzauuu aaropuTMa HeodX0AUMO BEIYHCIHTH BECA BETOK KO
BCEM BepUIMHAM JiepeBa M ynopsaouuth ux. JList npousBOJILHONO n-
BEPLINHHONO JEPeBa T0 MOXKHO ¢Zesiarh ¢ Tpynoemkoctsio O(n logn).

Hnst pepesbeB ¢ n < 15 MHHMMYM B KJacce IJIOCKHX HyMepaumit
COBIIAJAET C MHHAMYMOM B KJacce Beex Hymepauuit. [lis 6osbuinx 3ua-
YeHNI MHHAMAJIbHBIC [1JI0CKHe HyMEpaliu MOXKHO HCIO/Ib30BATH B Ka-
yecTBe NPUOJIHKEHHOIO PelieHust 33 A4l OCTPOCHHST MUHHMA/ILHOM HY-
Meparuu.

Munnmym B KJacce IJIOCKHX HyMepalyii NpeBoCXOAUT r100a/bHblit
MuHMMyM He Gosiee weM B 1,5 pasza. Dra OLEHKA ACHMITOTHYECKH He
yIydlIaeMa Ha MHOMKECTBE BCEX JePeBbeB.




puMep MUHUMaANbHOU U MUHMMArIbHOWN MJIOCKOU
HyMepauumu

MHHHMAaJIbHAaA ITNTOCKaA HYMeEpallHA @ MHHHMAaJIbHaA HyMepaLlHA @
APH(V,E) =26 APHV ,E) =25
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