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Study Subject : Locking VS. Stability for R— M thin plates

I Over-Stiff FEM equations - Much slow convergence and poor accuracy I

Low-order Algebraic Interpolation
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| A/S rule: “Accuracy x Stability = Constant”

The most “STATIC” area in FEM is Shape Functions of Algebraic type.
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What there are the Shape Functions ?
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I 1D, 2D, 3D Non — Algebraic Shape Functions for Arbitrary Number of Boundary Nodes |




R — M shear locking problem with DoF:

S1: Scheme of Selective—Reduced Integration (SR)
[ with decomposition of shear stiffness matrix [ssm]:
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A Continuation Method: D.F. Davidenko; V.l. Shalashilin



Convergence Improvement

: Scheme of Full (Uniform) Integration (Fl):
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Q.: How we can MORE improve solution?




: Multi-Scale Scheme:
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(w) &I_Fast

Full (Uniform) Integration (MS): [2x2]
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towards choice of Unique & Stable solution

Infinite Set of Energy ( displacement ) levels of
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DCP - Degenerated / inflexion Critical Point : Structural Stability of Set

Catasrophe / Singularity Theory : Fold Catasrophe

>

Reaction to Small Perturbation

is TRUE for THIN plates ?

What the Energy (displacement) approximating level

Unique Choice of P =

?

> | plate mechanics




ENERGY Consistency of Field functions via APPROXIMATIONS
| Kirchhoff case is a member from the Reissner — Mindlin family

Shape Functions for Deflection and Rotations . . | Rank Deficiency
* [ssm] := Singular
Problem a priori independent .
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Uniqueness of Critical Point of Inflexion: — finding

| Selection of K — solution from Reissner — Mindlin family |

‘Energy via Deflection’ & FEM analysis data
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FEM Stiff Problem of Solid Mechanics : Reissner-Mindlin Thin Plate
Bending — Shear Locking Problem & ROBUSTNESS

{w,0" : Displacement — based FEM

Square Plate : a x a x h Simply Supported (SS - soft),
loaded at the Center by a concentrated force P

P I Compound Scheme
<— il dispose
Ss, el
Mesh: 6 x 6
corner 8 _ node
CSR —
CSR — Corner Shear Reaction Cornexgare Lift !

) SNy ]

_ FI - Full Integration 36 FE
Scheme: SR — Selective Reduced Integration A 36 FE
C - Compound : (32 FE-SR) + (4 FE-KRM / Corners) .

R — Control via Shape Functions OR via Variational Principle [~

8 - ﬁie . K ) B i B )
—Lagreed CO — deflection and rotations
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Convergence Improving (Quality Control)
Nondimensional Deflection at with varying (a/h) ratios
same mesh : 6 x 6 |

- |

Large parameter (Stiff Problem ): relative error %
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| Quality = ( Accuracyy + Stabli,ty ) + Robustness | c
Method Stability : to Zero Energy Modes = Mechanisms CSR

I Robustness = Stability towards: Round-off error & Problem parameters I




Thin plates with Strongly Connected Boundaries

m|8—node FE |

Mixed Boundary Conditions
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————————— 0.0074 SS € Iss
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Thin plates with Strongly —

Weakly Connected Boundaries

0.0060f W clamp — Free P 1/3
0.0068f N_SR___ 0-00553]_ clamp
0.0059 Compound o) 0.00651 ‘ Mesh: 6 x 6
N——
Wc Compound
0.0015 S / Quadr = 0.00262 4 ll KRM
SN S2 at Corners
C— 0.00077
..... 'F . -7" inducing Reactions I
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-0.0008 Y I o -
— - S2 0.0005 — —
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- 0.0038 SR 0.0036
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Ref. : Jiang Z., 1992
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Reissner-Mindlin Thin Plate Bending — the case of
Weak Connected boundaries / Zero Energy Modes

Torsion of Thin plate : 3 Node — Supported plate,
loaded at the Corner by a concentrated force F

IIIII
“ 5,

1/ y : " KRM-EE - Mesh: (6x6) of 8-node FE

h=0.00001

0

the principle of virtual work (displacements)

variational boundary conditions (SS-soft)
RM: []

K []

— Iml natural ; 1

Corner




Selective Reduced Integration : Zero Energy Modes ‘

| ( Boundary Oscillations = Instability )

Oscillations Stabilization

Compound Scheme
No Locking and ZEM

I No CSR I

stable

robust

L 4

FI : W= 7.1668
mC: W=7.1507 -

KRM-stabilizing Y
FE

h=0.00001

10 x Kirchhoff exact corner deflection = 7.1429=W

Torsion of Thin Plate



Instability / Zero Energy Modes & Control by Stabilization
Trapezoidal Thin Plate : 3 Node — Supported — Torsionsyg

Scheme Selective Reduced Integration  Scheme with 4 Corner Stabilizing FE
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3 Point Plate loaded at Center: increasing ZEM & Stabilization

Selective Reduced FEs

h=0.00001 ZEM — Amplitude
LARGER
32 SR + 4 K— RM m‘ et
To Corners—>» Bending ZEM Torsion ZEM

0.18

Stabilization by K — RM FEs at CORNERS




Reissner — Mindlin Plate Bending: Identification of Torsion

Kirchhoff

W

. — WExact Reproducing
‘ WE:::thhgf WCorner (1 B X ) (1 o Y)

Pure Torsion [

h=0.00001
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P
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.| Interpolation

DoF — Numerical Values
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4 — Point Singular Thin Plate Bending & Stabilization by RM Shear FEs

36 Selective Reduced

32 SR + 4 RM Shear

=0. LARGE ZEM
= .000 UZ=1350.9
= .083 UZ=675.4
= 167 UZ= -.00892
= 250 UZ=675.4
= 333 UZ=1350.9
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No Oscillations Slngular Mixed b.c.
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UZ= .006811 “ 4 14
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Uz= .010798| U =1/2P(w), of el —> X
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UZ= .003395 egeg =
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Appendix: Spectral Non — Algebraic Shape Functions Properties

1D, 2D, 3D Interpolations for Uniformly Spaced Nodes
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For Optimal Nodes NO Runge Phenomenon.

For Complete Interpolation Bases NO Gibbs Phenomenon.

For Arbitrary Number of Boundary Nodes NO Internal Nodes. ‘

Expansions into the Shape Functions series




