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  Study Subject : Locking  VS.  Stability for R – M  thin plates     
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‘ Lim  { 3D ; R - M } ’ = ‘ Kirchhoff  model 
’      Morgenstern,1959;Gol’denveizer,1965;

             Babuska & Pitkaranta,1990.

Reduced / Selective numerical integration, Zienkiewicz et el., 1971, 1976.
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   A/S rule: “Accuracy x Stability = Constant” 

 Low-order Algebraic Interpolation

   The most “STATIC” area in FEM is Shape Functions of Algebraic type.                                   
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1D, 2D, 3D  Non – Algebraic Shape Functions for Arbitrary Number of Boundary Nodes 
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NO Control

introduce      - Shape Functions Variability     

 A Continuation Method:  D.F. Davidenko; V.I. Shalashilin



: Scheme of Full (Uniform)  Integration (FI):   
[2x2]  for Helmholtz Operator
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: Multi-Scale Scheme:   Slow ( w ) & Fast 
Full (Uniform)  Integration (MS): [2x2] 
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to solve problem: find         ( ‘turn of RM-straight line up to K-normal’ ) 
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FEM Stiff Problem of Solid Mechanics : Reissner-Mindlin Thin Plate 
Bending – Shear Locking Problem & ROBUSTNESS

Square Plate : a x a x h Simply Supported (SS - soft),
loaded at the Center by a concentrated force P

KRM: Constructed Kirchhoff-Reissner-Mindlin FE with
            agreed C0 – deflection  and rotations 
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Thin plates with Strongly Connected Boundaries 
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 Thin plates with Strongly – Weakly Connected Boundaries
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Reissner-Mindlin Thin Plate Bending – the case of
 Weak Connected boundaries / Zero Energy Modes 

Mesh: (6x6) of 8-node FE
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   Torsion of Thin plate : 3 Node – Supported plate,
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      Trapezoidal Thin Plate : 3 Node – Supported – Torsion  
 Instability / Zero Energy Modes & Control by Stabilization 
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3 Point Plate loaded at Center: increasing ZEM & Stabilization  
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  Reissner – Mindlin Plate Bending: Identification of Torsion  
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 X=   .750      UZ= 675.4  
 X=   .833      UZ=       .00218 
 X=   .917      UZ= 675.4  
 X=  1.000     UZ=1350.9  
 X=0.5 
 Y=     .000     UZ=       .0000      
 Y=     .083     UZ= 675.4  
 Y=     .167     UZ=1350.9  
 Y=     .250     UZ= 675.4  
 Y=     .333     UZ=       -.00197  
 Y=     .417     UZ= 675.4  
 Y=     .500     UZ=1350.9 
 Y=     .583     UZ= 675.4  
 Y=     .667     UZ=       -.000018  
 Y=     .750     UZ= 675.4  
 Y=     .833     UZ=1350.9  
 Y=     .917     UZ= 675.4  
 Y=    1.000    UZ=        .0000    

  4 – Point Singular Thin Plate Bending & Stabilization by RM Shear FEs
  36 Selective Reduced  32 SR + 4 RM Shear  

   
   

 O
sc

ill
at

io
ns

  O
sc

ill
at

io
ns

 SR: NO Stability

 h = 0.00001; Mesh: 6 x 6   Free

SS      0
                          
 UZ=  -.004015  UKT= -.004727
 UZ=  -.002307  
 UZ=  -.001067 
  UZ=  -.000080 
  UZ=   .000928  
  UZ=   .000453  
  UZ=   .000000   UKT= .000000
  UZ=   .000453  
  UZ=   .000928  
  UZ=  -.000080  
  UZ=  -.001067  
  UZ=  -.002307  
  UZ=  -.004015   UKT= -.004727
  X=0.5
  UZ=   .000000   UKT=  .000000
  UZ=   .003395  
  UZ=   .006811  
  UZ=   .008794  
  UZ=   .010798 
  UZ=   .012394  
  UZ=   .014011   UKT= .015456
  UZ=   .012394  
  UZ=   .010798  
  UZ=   .008794  
  UZ=   .006811  
  UZ=   .003395  
  UZ=   .000000   UKT= .000000

 32 SR + 4 RM Shear FEs

   Singular: Mixed b.c.

 Break 

X

Y

    Discontinuity

  1

 -

     No Oscillations

Point

    Jiang & Liu, exact 

   State of Equilibrium 

h = 0.00001 ; Mesh : 6 x 6 

Crime

ZEM

Stabilization

Rank Deficiency

 SR

 Corners

at Sides
W

IL
D

LARGE  ZEM



 Appendix: Spectral Non – Algebraic Shape Functions Properties 

                For Optimal Nodes NO Runge Phenomenon.  

   For Complete Interpolation Bases NO Gibbs Phenomenon. 

    For Arbitrary Number of Boundary Nodes NO Internal Nodes.

               1D, 2D, 3D Interpolations for Uniformly Spaced Nodes 

Expansions into the Shape Functions series 


