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IMEPBBIN BOITPOC

[ToHATHME Nnpou3BoAHON (PYHKLNN



OnpederneHue.
[TycTb yHKUMA y = f(x) onpegeneHa Ha npomexyTke X (x € X) nnu
O(x,¢). lMpou3zeodHou pyHKUUU y = f(x) 8 mMoyYKe x Ha3biBaeTCa npe-

[ien OTHOLUEHNSA npupalleHnus OyHKLMN K NpUpaLLEHU0 HeE3aBUCUMOWM
NepeMeHHON NMpu CTPEMMEHUN MOCNEAHEro K Hyn (Npyn ycnoBumn, 4YTo

9TOT Npeaen CyLecTBYET):

AY f(x+Ax) - f(x)
_y J (0)= Al:—n»]o Ax AI:TO o — N
3amMeyaHue.

MoXHO gokasaTb, YTO 1 An4d fboro (He TONbKO HaTypasibHOro n):

(xn)r R nxn—l

T s T riTi ey = 1w vy



[eoMmeTpnYecKnn cmMbiCn NPOU3IBOAHOMU

Ha oYK BN LIS WY LTHENRABEk rpacbwky B TouKe (x,, ¥,)e. b

abcumcca X, W BblYNCIAETCS COOTBET- )
CTBYIOLLIAA opnMHaTaf(xOan _Y "V _ JAE j; 3
B okpecTHocTM Toukn X, BBiGWba- /(¥ |- 5------- a4y

eTca npou3BonbHas Toyka X. Yepe

A X:L'(x_"o)-
yKasaHHble TOYKM Ha rpacuke dyHRL
f MPOBOAMTEA Cekyuas (ceemmo-cepas Ay
nunus Cy). pasHeHUe HopMasu K rpaduky B TO‘-I

PaccTtosgHune Ax = x - X, ycTpemns-

eTca K Hynwo, Bigpesytmaars cbyydgm, LT

nepexoauT B KacamesibHyro (nocme- X772
neHHo memHerowue auHuu Co — C)x—x,
ecrv cywectsyet lim a(AF =0~ 71 '

N Yo e ( X S (%)

TaH2eHC yana o, Hak/loHa 3amou KacameJsibHouU — W eCTb
npou3eodHasi PyHKUUU f e moYKe x,.



" J
OnpedeneHue.
llpaeou (n1eeol) npou3eodHOU PyHKUUU y= f(X) e mouyke X,

HasbIiBaeTcd npasbin (NeBbin) npenen otHoweHusa Ay/Ax npu Ax —0
(Npwn ycrioBmu, YTo 3TOT npe,u,en CYLLLECTBYET):

Ay

£l(xy) = hm (f (%,) = lim ij

Ecnu d)yHKL(UFI f(x) umeem e moyke x,, MPOU3BOOHYO, MO OHa

uMeem 8 3mouU MmOYKe rpasyto U Jiesyio npou3eoOHb/e Komopable
cosrnadarom.

3ameyaHue.
ObpaTHoe yTBEPXKOEHUE HEBEPHO.
lpumep.
OyHKUMA y = | x| nmeeT B Touke x=0 npaByto 1 NeBy0 NPON3BOAHLIE:

h Ay
f(O)—A}CmOle 1(nmpu x>0 Ay = Ax), f(O)—A&lngAx

HO HE MMEeEeT B 3TOM TOYKEe NPOU3BOAHON, T.K. HE UMEET npegena.

=—1(mpu x<0 Ay =-Ax),



OnpederneHue.
PyHkUMs y = f(x) Ha3biBaeTCs dugpghepeHyupyemol 8 moyke x,, —

fED(xo), ecnu ee npupatleHme Ay B 3ToOM TOYKE MOXXHO MpenCTaBuT B
BUAae:
Ay = A-Ax + o(Ax)-Ax,

rae A - HEKOTOpoe Yncro, He 3aBucslee ot Ax;
a(Ax) - byHKUMA aprymeHTa Ax, ansaiowasca 6eCKOHEYHO Maron

npy Ax — 0O,T.e. gn%a(Ax) =0.

YcmaHosum cesizb mexoy dughghepeHyupyemMmocmbro ¢hyHKUUU 8
MOoYKe U cyujecmeosaHuemM rnpou3eooHol 8 Mol Xe mMOoYKe.

OnpedeneHue.

Ecnu dyHKUmus y=f(x) B TOYKE X, UMEET KOHEYHYIO NPOM3BOS-
HYyl0, TO PYHKUMA Ha3blBaeTcs dughghepeHyupyemoli 8 amou
movuke.



" J
3aBUCUMOCTb MeXAy HenpepbIBHOCTbLIO U
AandhdepeHUUPYeMOCTbO (PyHKLUU

Teopema.
Ecnu cyHkums y = f(x) dugpgpepeHyupyema B ToUKe X, TO OHa U

HernpepbigHa B 3TOUN TOYKE.

3ame4vaHue.
ObpaTHOe yTBEPKOEHNE HEBEPHO.

lpumep.
Onﬁé‘ﬂ%ﬂb@]xl HenpepbIBHa B Touke X = 0, HO He UMeeT B 3TOM
TOHKE 11DQU3R0 Ho, T.e. He aBngeTca andidenp eMol

VHKINST VIMEET HENpPEPBIBHY OU3BO Ha HeKOTOpOM

npomexyTke X, To YHKUUIO Ha3bIBaOT es1adKkou (Hel'lpeprBHO ouab-
ghepeHyupyeMoll) Ha 3TOM NpoMexyTke u nuwyT: f€ CH(X).



BTOPOM BOITPOC

OcHOBHbIE nNpaBuna
andpdepeHUunpoBaHus



" A
NpaBuna anddepeHunpoBaHns

MycTb ¢ — noctosHHas, u =u(x), v=v(x) — auddepeHunpyembie
dyHKUUN:
1. Mpou3eodHasi MOCMOSIHHOU paBHa HYM: ' = ().
2. [Ipou3eodHasi apeyMeHma paBHa eguHuLe: ' —1.

3. lpou3eodHasn anzebpauvdeckKkou CYMMbI KOHEYHOrO Ynucna amg-
depeHuUupyeMbiX PYHKLNW paBHaA Takou XXe cyMmMe 13 Npou3BOaHbIX:

(utv) =uzv.

4. lMpou3eodHasi npou3eedeHusi ABYX AnddepeHUnpyembix OyHK-
LW paBHaA MNPOM3BEOEHUIO MPOU3BOAHON MEPBOr0 COMHOXMUTENS Ha
BTOPOW NIOC NpousBeaeHne nepBoro COMHOXUTENS Ha NPOU3BOAHYHO
BTOPOrO:

(u-v)=u"-v+u-v.



" J
NMpaBuna guddepeHunpoBaHus

Crnnedcmeue 1. [NlocmosiHHbIU MHOXXUMmeJsib MOXXHO BbIHOCUTbL 3a
3HaK Npon3BOAHOM:

A-u)=A"u+A-u'=1-u'.

Cnedcmeue 2. lfpou3eoOdHasi npou3eedeHUsi HECKOJIbKUX Oud-
gepeHUyupyeMbix pyHKUUU paBHa CyMMe NMPon3BeaEHNN NMPON3BOa-
HOW KaXXOoro u3 COMHOXUTENEN Ha BCE OCTallbHbIE:

(u-v-w)=u"-v-wt+u-v-w+u-v-w'

5. lpou3eodHass YyacmHo20 ABYX AnddepeHumpyeMbix OyHKLMUINA
MOXXET ObITb HangeHa no dopmyrne:

/

ul u-v—u-v
— | = > (nmpu ycnoBuu, uro v # 0).
% V




" JE
NpaBuna andpdepeHunpoBaHUs
Mpumep.

Hantn nponsBogHyo yHKUMK f(Xx) U BbIYUCNIUTL €e 3Ha4yeHue B
TOuke x = 1:

a) y= x(f+1)

—(x)(x +1)+ 23 (x4 +1) =322 (x* +1)+x(—x 4 40)=x (—J}H).

3Ha4yeHne Npon3BoagHON B TOYKE X = 1 eCTb: y'(1) :1-(—-1+1) =4,25.

x° =1

Jx

R e B N A

Y (Vx) - X  2xx
y'(1)=3.

6) y-




" A
NpaBuna anddepeHunpoBaHns

6. Ecrim y=f(u) n u=g(x) — gupdepeHunpyemolie pyHKLMUN OT CBOUX
aprymeHToB, TO Mpou3e00Hasi CJZIOKHOU ¢hyHKUUU CYLECTBYET U
paBHa nMpPOM3BOAHOW [daHHOW YHKUMW NO MPOMEXYTOYHOMY
aprymeHTy u, YyMHOXE€HHOU Ha NPOU3BOAHYIO CaMOro MPOMEXYTOYHOro
aprymeHTa u no HesaBMCUMOWU NEPEMEHHON X, T.€.

y'=f'(u)-u'.
MpyMep. HaifTn NponsBoaHYIo 1 = (4/x +5)°.

PelwleHue.
Jx +5)

N S R P e SN
X

7. Ecrin y=f(x) — onddepeHumpyemaa n CTporo MOHOTOHHaS
dbyHKUNSA Ha npomMexyTke X, To Toraa ¢yHKyusi, obpamHasi K 0aHHoOU
x = g(y), Takke gnddepeHUnpyemMa u ee rpou3leodHasi onpeaerns-
eTC COOTHOLLUEHUEM: I
x;, = — y; 0.

Vx




Tabnmua npounsBoAHbLIX HEKOTOPbLIX PYHKLUN

Dyukuyus f(x) Ilpouseoonas f’(x) Dyukuus f(x) Ilpouseoonas f’(x) Dynukuus f(x) Ilpou3seoonas f’(x)
: . 1
c 0 sin x COS X arcsin x ——
v1—a®
a a—1 . 1
X a-x COS X —SsIn x arccosx | —— .
v1— x4
x *.1 tg x 1 arctg x :
a -ina
& cos’ x 1 + a2
log x 1 ct 1 arcctg x 1
X = A
. x-lna 8 sin” x 8 1+ a?
Mpumep. Haintm nponsBoaHyo MYHKUMK y = ™"

PewleHue.

MpeactaBum pyHKUMIO B BUAE y =e", rae u = arctg x.

V(6 =y () ="
_I_

2

— yr(x) ol earctgx .

1

1+x2




" A
NpaBuna anddepeHumnpoBaHns

8. NMpou3eo0Has HesieHOU ¢hyHKUUU.

Ecnn 3aBUCMMOCTbL MeXay X 1 y 3afjaHa B HedBHOW popme ypas-
HeHnem F(x,y) =0, TO Ang HaxoXaeHna NpousBogHOU (PYHKLMN y He-
obxogmumo npoanddepeHUnpoBaTb No x 0be Yyactn AaHHOro ypaBHe-
HWS, paccMmaTpuBas y Kak oyHKLMIO OT X.

3 nony4yeHHOro ypaBHeHUs HaxoauTcs y'.

NMpumep.
Hantn nponsBogHy YHKLUN x? -xy +Iny-2 =0, 3agaHHON HESABHO,
N BbIMUCNUTb ee 3Ha4YeHUE B ToUKe (2;1).
PeweHue.
OundopepeHumpysa obe yactm paBeHCTBa M YYUTbIBad, YTO y €CTb
oyHKLMA OT X, Nony4yaem:

!/

2 .2
2x—y—xy'+L=O, OTKyma ) = e
y xy—1

3HayeHne npoussogHom Npu x =2, y=1-y'(2) = 3.




" JE
lNpaBuna guddgepeHunpoBaHus
9. AnddepeHunpoBaHne napamempu4ecku 3a0aHHOU ¢pyHKUUU.

Ecnn doyHKuma y=f(x) aprymeHTa x 3agaHa napameTpuyeckn ypas-
HeHnamMn x = x(f) n y = y(t), rae x(t) n y(t) onpe-

aeneHHsl n gnddepeHumpyemMbl Ha HEKOTOPOM ' Q
npomexyTke T, npuyem x'(f)#0 VtE T, a and Yy, = dy _ Y _dt
x = x(f) cywecTByeT obpaTtHas £ = #(x), onpege- ~~ dx x; dx
neHHaa n gudpdepeHunpyemas Ha X = x(T), To: dt
NMpumep.

HanTtu npon3BogHY OT OYHKLMH, Yx=asint:
3afjaHHOW NapaMeTpPUYECKH: ’

y=bcost.

PeweHue.

[TocnegoBaTenbHO AndpdpepeHUnpysa yHKLMIO, Nosyvyaem:

, (bcost), bsint b
yx _— = - — tg L

(asint); acost a



"
NMpaBuna guddepeHunpoBaHus

10. lNMpou3eo00HbIe 8bIiCcUWUX MOPSIOKOE.

lMoHssmue rnpou3800HOU MPOU380J/IbHO20 rNopsioka 3adaemcs
PEeKyppeHmMHo.

a) Nonaraem "4} = flrg).

6) Ecnu dyHkuusa f(x) andpdepeHumnpyema B Xy TO Npou3BoaHagd
NepBoro nopsiaka onpeaenaeTca COOTHOWEHNEM V() = f'(x,).

B) lycTb Tenepb npousBogHas (n-1)-ro nopsaka onpeaerieHa B He-
KOTOPOMN OKPECTHOCTU TOYKM X, U AndppepeHLpyema.

Toz20a npou3eodHOU n-ro nopsioka Hasbieaemcs rnpou3eooHas
om ripou3eo00Hol (n-1)-ro nopsioka: f n+1]( ( f‘”’) (o).
NMpumep.

Hantn nponsBogHyto 4-ro nopagaka oT yHKUUK y = sin 2x.
PeweHue.
[TocnepoBaTtenbHO AndpdpepeHUnpys PYHKLMIO, MOSTYyYNM:

y'=2cos2x ;y" =-4sin2x ; y"'=—8c052x;y(4)=16 sin 2x .



TPETHUU BOIIPOC

OndodbepeHumnan oyHKLNU



OnpederneHue.

dyHKUMS y = f(x) HasbiBaeTcs dughghepeHyupyemMou 8 moykKe x —
fE€ D(x), ecnn ee npupalleHme Ay B 3TON TOYKE MOXHO NpeLCTaBuUTb B
BUAE:
Ay = A-Ax + o(Ax)-Ax,
fA802 dR8kRstEEoe uncno, He 3aBuCsiLLEe OT Ax;

NN PERRHLHA BB M MBUTK ALY 35 TN )| aB CEPBKR kS HEa R BRGTOR

H@Pﬂﬁﬂﬂwgﬂqﬂno&'(g%'@(jbm AXx YacTb npupaileHus Ay, paBHas
Nnpov3BeaeH1Io NPenM3BOAHON Ha NpupaLleHme Ax He3aBUCUMON nepe-
MEHHOMW:

dy = A-Ax = f'(x)Ax.
3amMmeyaHue.
dy

Kpome Toro, dy=f(x)Ax=fx)dx = f'(x)= P
X



leomeTpuyeckumn cmbicn andpdepeHumnana

KN=MN1g a=Ax tg o="()Ax |= dy=

AduopepeHyuan pyHkyuu ecmpb npupauweHue opouHamsbl
KacameJsibHOU, npoeedeHHOoU K 2paghuKy ¢pyHkuyuu y = f(x) e OaH-
HOU mo4ke, Ko20a x rnosiydaem npupauwjeHue Ax.



CeounctBa guddepeHumana

1. QuepghepeHuyuan nocmosiHHOU paBeH HYNIo: de =0.

2. lMocmosiHHbBIU MHOXXUMesib MOXHO
BbIHOCUTb 3a 3HaK AndpdepeHumnana: d()t u) = A-du.

3. JuppeperHyuan anzebpauvyeckol CyMMbl KOHEYHOro 4ucna
ondpdepeHumpyemMbiX PYHKLMW paBeH Takou Xe cymme andodpepen-

LIManoB.:
duxv)=duzx dv.

4. JuppeperHuyuan npoussedeHusi OByx AnddepeHupyeMbIX
doyHKUMMN paBeH MpPoun3BeAeHUI0 AudodpepeHunany nepBoro COMHO-
XUTENd Ha BTOPOW NIOC Npou3BedeHne MNepBOro COMHOXMUTENA Ha
onddoepeHunan BTOPOro:

dwu-v)=du-v+u-dv.
9. JuppepeHuyuan 4acmHO20 ( uj . v

OBYX ondpdpepeHumpyemMbixX yHKUNUN
MOXET ObITb HaAeH No dpopmyne:

(v=0).

V V



" JE
UHBapunaHTHOCTb hopmbl andbdepeHumnana

Paccmotpum y = f(u) n u = g(x) — ouddepeHumpyemblie yHKLNN
OT CBOMX aprymMeHToB, Torda Ans f(g(x)) — CMOXHOM QYHKLUW

anddoepeHuman paBeH
dy = f'(x)dx = f'(u)g (x)dx = f'(u)du.

Qopmyrna ougbgbepeHyuana He U3MeHSemcsi, ecriu 8Mecmo
QyHKUUU om He3aeucumou rfepeMeHHoU X paccMampusambs OyHK-
Yuro om 3asucumou rnepemMeHHou u.

OnddepeHumans! BbICLLIMX NOPAOKOB

OvddepeHunanom n-ro nopsgka d"y dyHkumm y = f(x) HasbiBaeTcs
ondpdepeHuman ot gudpdpepeHunana (n-1)-ro nopsaka aTom QyHKUNK:

d*y=d(dy)=d[f'(x)dx]=d[f'(x)ldx=[f"(x)dx]dx = f"(x)(dx);

d"y=d(d""y)= /" (x)dx)" = /()"
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Ucnonb3oBaHune anddepeHumana B NpnonmMKeHHbIX BbIYMUCIEHUSX

3 onpeneneHns andpdepeHunana crieayer, uto
Ay=Af(a) = f(a+ Az) - f(a) = f'(a)Az

C norpewHocTbio a(Ax)-Ax.
Ecnu nonoxuntb x=a + Ax, ToAx=x-a un f(z)= f(a)+ f'(a)(z - a).

Taknm obpasom, Ans 3HavyeHUn x, onnskux K a, pyHkuma f(x) same-
HeHa NUHENHOW (PYHKUMEW (MK JiuHeapu3oeaHa 8 OKpecmHocmu
MOYKU a).

[eoOMETPNYECKN 3TO COOTBETCTBYET 3aMEHE y4YacTka KPUBOM rpa-
duka y = f(x) okono Touku (a,f(a)) ompe3skom kacamesibHOU K KPUBOW
B 9TOWN TOMKE.

[loepewHocmb NoOobHoOU 3aMeHbI rMpubruXeHHO pasHa rosio8uUHe

8mopozo duppepeHuuana yHkuuu — 112 d*f = 112 f"(a)(x — a)*.

lpumep.
Npna =0 f(z) = f(0) + f'(0)z = sinz =z, In(1+z)=z, e =1+z.



YETBEPTBIU BOITPOC

OCHOBHbIe TeopeMbl
aAndgepeHUnanbLHOro
NCYUCIEeHnsA



Teopema (Depma).

Ecnn gudpdepeHunpyemas Ha npomexyTtke X yHKkuma y = f(x)
OOCTUraeT HambosblUEero UMM HauMEHbLUENO 3HAYEHUA BO BHYTPEH-
Hen To4Ke X, 9TOro NPOMeXyTKa, TO MPOM3BOAHAA AaHHON PYHKLUM B

3TON Touke paBHa Hynto: f'(x,) = 0.

3amean|ue. 3
eoMeTpUnYeCcKuu CMbICJ‘bTeCM)eN'
[lpn pokasatenbCcTBe Teopembl Pepma

cygCTBEHHO WUCMOJIb3OBAHUE TOIO0, YTO X

EeCTb | BHWMPEHHSISI MOYKa [JPOMEXY MK
E BPnuke RaubonbL
03BOBYNO paccMaTpUBaTh, TOYKN X
"y = flx) 3Ha4eHusd, oocrnuzaém
néxguwiunei kak cnpaea, Tak ¥ cnega or x. .
| JXymKa X, KacameribHas

| 5g3 amMozo npéAnonoXeHus YmeepxoeH
' Aaparinel/ibHa ocl abtuy,

a3alnibCAd HeB8EPHbIM.

0




" JE
Teopema (Ponns).
MycTb pyHKUMS y = f(x) yaoBNeTBOpsSIET CneayoLlmnM YCIoBUSM:
1) HenpepbIBHa Ha OTpe3kKe [a, b];
2) gudpdepeHunpyema Ha nHtepsarne (a, b);
3) Ha KOHLax oTpe3ka NpUHMMAaEeT paBHble 3HadYeHuns: f(a) = f(b).

Toroa BHYTpM OTpe3Ka CYLLEeCTBYET MO KpaHeW Mepe odHa Takas
Touka £ E(a, b), B KOTOPON NPOn3BoAHas PyHKLUM paBHa HYIHO:

fi(€)=0
[eoMeTpMYECKMN CMbICH A
Cnedcmaaeepema Ponnsa Y

BtewmpaByareHYSRRSPEIBERTRSPEH LIV DY MOl
goyHigmeHLax oTpeska [a, b] paBHbI Ra)|-A45)
Mexagy cobou I/I f@ B |<a>|<,u,om i
BHYTPEHHEWN TOL-IK 1)pe3|€a nme-
eceﬁapvmwnymaqmméprdum Hyny e

n@dayéwmgdemcg xoms 6bl 0OOHa
moyka, 8 Komopou KacamesibHasi 0

naparnnesnbHa ocu Ox.




3ae4anye.

588 ”é’qyﬁr{gﬁ%?é@h’ RONDBRHEGTS LR 8B HIRBECAW-
%Jnl%%ﬂ égﬁc’ému BbIMOSIHEHbI, TO €€ YyTBEPXOEeHNE BEPHO,

ﬂpammapyweHo xomsi 6bl 00HO ee ycriogue, Mo Hesb351 cKa3amb
umo-nubo ornpederieHHoe 0 CcyulecmeosaHuUu mo4YyKU, 8 KOmopou

npou3é<.40Haﬂ pa Mampuéabmo%i(uuu oBkawanack 5bl 8 HyIlb.

fta) Jib) /

X) WenpepbiBHA Ha oTpE3ke [a, b, f@, KOHLax OTpeska

Y )

BHYTPEHHeu T}que X, 9TOro OTpe3IE<5?.

-II-I%'B ﬂﬁ el\AiH%%ﬁgH.W&TByeT TOYKa
K°T°98ﬂoz,fn$u Ha ongaem{e [
fau e
TOHK

B COOTBeTCTB

GMTOC aKum
b

Ly n anneana ocm x
03TOMY He CYLLECTBYET ¢ €(a, b)
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Teopema (NarpaHxa).
[TycTb oyHKUMA y = f(X) yOOBNETBOPSET Creayowmm YCITOBUAM:
1) HenpepblBHA Ha oTpe3ke [a, b];
2) nuddepeHuupyema Ha nHtepeane (a,b).

Torga BHYTPU OTpe3Kka CYLLEeCTBYET MO KpanHen Mepe odHa Takas
Touka & € (a,b), B KOTOPOW BbIMOMHAETCH PABEHCTBO:

7@ =D o )~ f(@)= 1) 6-a)

[eoMeTpUYECKUUN CMBbICS TEOPEMDI
INarpaHxa
Cnedcmeue.

HeE PRyl Yo e BERpEiERHa He

X, B¥%h d9RiERVeSo ‘iRibertu
1 ax%@sem gan HYFFER a%%aﬁy
Rr6° ﬁ:é’% s GRHHE aHAO

W@ , 8 Komopou KacamersibHasi rna-
parinernbHa xopoe AB.

5 5 XKozed Jlym Jlarpanx
Teopema Ponna — yacmHbIU criy4yal meopembi JlarpaHxa, mak kak npu fld) = f(b) xopQda

AB napannesnbHa ocu Ox.



"
3ameyaHue.
TedopapeméKBanppHXa HOCUT NULWbL docmMamoYHbIU X
e C BbINOSIHEHLI, TO €€ yTBEP?
ﬂg&cﬁbuaﬁéﬁmmj @Oﬁg@l ee ycriosue, Mo He
Hﬁ&'&?pb SHASHISSKS [ flliecmeoearuu moukt
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