MaremMmaTuka.
Jlexkmusa 13.

HccnenoBanue pyHKIIUM.



AcuMOTOTEI rpaduka (PyHKIIUN

AcumnrToTa K rpapuky (QyHKUHUHM y= f(x) - OTO MNpsMas, K KOTOPOMH

npuOnmxkaercas Touka M (x, y), Iexamas Ha rpaduke, npu
HEOTPAHUYECHHOM YJAJICHUHU €€ OT Havajaa KOOpIUHAT.
ACUMNTOTHI OBIBAIOT HAKJOHHBIE y=kx+b (KaK YaCTHBIA Ciydahd —

TOPU30OHTAJIBHBIC: ¥ = b ) UM BEPTUKAJBHBIE: X = .



BepTukajgbHbIe ACHMIITOTHI.

IIpsmMass x=a SABIICTCA BePTHKAJLHOH acUMOTOTOH Tpaduka
(OYHKLMHU, €CIH XOTS Obl OJMH M3 OJHOCTOPOHHMX MPEJCNIOB (JICBBIH
WJIY MPaBbii) QYHKIMHU B TOUKE X =a PABEH * oo

lim f(x)=+00 W/ WM lim f(x)=-c0 1500500

x—a+0 x—a+0

lim f(x)=+0 HW/WIA lim f(x)=-0.

x—a-0 x—a-0

BepTukanbHbIe aCUMITOTH MOTYT HAaXOAUTHCA:
o B TOUKaX pa3psbiBa 2 poja;
e  HarpaHuNax 00JIaCTH ONPEIACIICHHUA.



Ipumep. I'paduk dyHKIUH y:% UMEET BEPTUKAIBbHYIO
X —

acuMnToTy X=2 . JIeNCTBUTENBHO,

1 1
Iim = +00 lim

x—>240 X =2 ’ x—>2-0 X—2

Touka x=2 — Touka pa3pniBa 2 poaa PyHKIHH.

= —00,

Ipumep. I'padux ¢yHrIUM Y=/ X HMeET BEPTHKAJIBHYIO
acuMnToTy X=0 . JIeHCTBUTENBHO, |im Inx=-. OOIaCTh ONpeaeIeHus

x—0+0

dbynkmun — wuHTepBan  (0,+t0). Touka x=0 — rpanuna obOnacTu
ONpENCTICHHUS.



HaxkjJ0oHHBIC aCUMIITOTHI.

[Ipsmas y=kx+b gBAICTCSd HAKJOHHOH acuMNTOTOH Trpaduka
GyHKOEH B +w (-o), ecoau (GyHKOHS TMPEeACTaBUMA B BHIAC
f(x)=kx+b+o(x) (a(x)- OECKOHCUHO Mamast (PyHKIHS).

Haxnonnas acumnrora y =kx+b, CYIIECTBYET B -, €CIH CYINCCTBYIOT
KOHCYHBIC TIPEACIBI:

k, = limm, b =lm(f(x)-kx).
X X—>-00

X—>-00

AHAJIOTUYHO O y=k,x+b, B +

k, = lim E, b, = lim (f(x)-k,x).
X X400

X —3+00

B 4acTHBIX Caydasx BO3MOXKHBI 3HAUCHHS KOI(PPUIMCHTOB HAKIOHA
J, =0 W/WIH k, =0 - TOPHU30HTAJIbHbIE ACUMIITOTHI.

B o0meM ciydac B - U B +co A8 rpaduka ogHON (PYHKITMH BO3MOKHBI
Pa3TUYIHBIC ACUMIITOTHI.



2x—1

IIpumep. Halitn acumnroTrsl rpaduka QyHKIMA y = 1
x J—

Peutenue. (DYHKHI/IH OlIpCACJICHA, CCJIM 3HAMCHATCJIb x-1=0, x=1.

Takum oOpazom, oOmacTh ompejeneHuss - oObeJUHEHHWE HHTEPBAJIOB
(—o0,1) U (1,490). Touka x=1 —rouxka pa3psiBa.
Tak xax |1m 2x_1_+oo, lim 2x 1 =0,
ioir0 X1 w10 x—1
npsMas  x=1 gBIgeTcs BEpTUKAIBHOU acUMIITOTOHN. /lanee nmeem:
2 1 2.1
. flx) . 2x— 2x — 2 52
k= = = = — :0:
him "l < lim S lim <l
x? x? X
.2 .1
Tak Kak |im —=90, |lim =9
0 X X—>00
2x 1 , 1
2x — X . X
b=IimU®-k)=lm—_— —llm = lim——F =2
X —>0 X—>00 X—oo 7 X —>c0 1__
X X X

CieioBaTellbHO, IpsiMast  y=kx+b, TO ecTb y=2 — TOpU30OHTAJIbHAS
ACUMITOTA .



3
IIpumep. Haiinem acumnToTsl rpaduka GyHKIHA y = ((x +11))2 .
x -

a) Ha BepTukajibHYIO aCUMITOTY MOA03PHUTENbHA TOYKA x =1, KOTOPYIO U
HUCCIIEYEM.

. +1)° 8
lim (x )2 =(—) =40,
s>1-0 (x - 1) +0
(x+1)° 8

lim = = +00 .
w140 (x-1)? (+())

T.e. BoOOpaxkaemasi BepTHKaIbHAS TIpsIMast x =1 SBJISIETCS BEPTHKAJIbHOM

ACHUMIITOTOH, MPH MNPHUOJIMKEHWH K KOTOPOM cjieBa U cropaBa rpaduk
(OYHKIIUHM YXOIUT BBEPX.



0) Jlns uccnenoBanusi Ha HAKJIIOHHYHO aCHMITOTY BBIUUCITUM:

3 3
ko= lim S i X o

oo (x-1)"x  xomex

3 3 2
b= im (D gy = i GHD oD

x>0 (x-1) xree0 (x-1)?
X0 #3 1 x+3 P+ P ex (P -2x+ D)
= m (x-1)° B

5x7 +2x+1 . 5x7

= lim > =11m—2:5.
x>0 x7-2X 41 o x

T.x. momydeHHBIE Tpeaeabl KOHEUHBI (TOJyYE€HBI YHCIIA), TO HA - o0
UMEEM HAKJIIOHHYIO aCUMITOTY y =x+5.




AHAJIOTUYHO,

o (x+y X
kz_xlil;rolo(x_l)zx xlirfolo?_lj
3_ . _12
b, _hm((x+1) 1ox) = m(x+l) X gx )
X400 (x_l) X—>+00 (x_l)
2 2
_ im 5x +2x+1:hm 5x _s

X—>+c0 x -2x +1 x—>+0 Y
T.e. M HA +o0 CYIIECTBYET TA K€ ACUMIITOTA y=x+5.



Oo01mas cxema uccjie10BaHus
(DYHKIIUM U MOCTPOCHHUS rpadukKa.

[lJ1aH DOAHOTO McCIea0BaHUS DYHKIINU:

1. Ilo ¢popmyrne GyHKIIUN BBISICHUT:
a) 001acCTh ONpeACICHUS (PYHKIINH;
0) CUMMETPUYHOCTh Trpaduka (4€THOCTb-HEUETHOCTD
byHKIUN);
B) NEPUOAUYHOCTD (DYHKIHM;
I') HEOPEpPbIBHOCTh (DYHKIUH, BO3MOXXHBIE TOUKH
pas3phiBa U MOBEICHUE (DYHKIIMY BOJIM3HU HEE;
1) aCUMIITOTHI rpaduka (BEpTUKAJIbHBIC 1 HAKIIOHHBIC);

€) TOUKH IIE€peCcCeUeHUs IpauKa ¢ OCIMU KOOpAUHAT U
MHTEPBAJIBI 3HAKOIIOCTOSHCTBA (DYHKIWH.




[1J1aH TTOJIHOTO WCCIICAOBAHUS (DYHKIINU:

2. BBIUMCIUTB NEPBYIO MMPOU3BOAHYIO (DYHKIIMH U 110 HEW BBISICHUTD:
a) KpUTUYECKHUE TOYKHU 1-ro pona;

0) MHTEpBaJIbl MOHOTOHHOCTH (PYHKIIUM (MHTEPBaIbl 3HAKOIOCTOSHCTBA IIEPBOM
IPOU3BOJHON );

B) TOYKH JIOKAJIBHOIO 3KCTPEMYyMa;
') 3Ha4eHHUs (PYHKIIUM B TOYKAX DIKCTPEMyMa.

3. BBIUMCIUTB BTOPYIO MMPOU3BOAHYIO (DYHKIIMH U 110 HEW BBISICHUTA:
a) KpUTUYECKHUE TOUYKHU 2-TO POJIa;

0) MHTEPBAJIBI BBIITYKIOCTH (PYHKIIMM BBEPX M BHU3 (MHTEPBAJIbI
3HAKOMOCTOSHCTBA BTOPOU ITPOU3BOHOM);

B) TOUKH IEperuoa;
') 3HaUCHUS (PYHKIIMHM B TOUKaX Ieperuoa.

4. IToctpoutsh rpaduk (yHKIUH 110 pe3yabTaTaM UCCICIOBaHUS.



8x-3x"
— C HOCTpoeHI/IeM l“pa(bHKa.

HpnMep IT1OJIHOI'O HCCJICIOBAHHC (bYHKI_II/II/I y= (x-2)
x_

1. Ilpoanamusupyem popmyiry ¢yHKIUH.

a) Ob6nacte onpeneneHus GyHKIUU D(y): x#2.

_ 8(-x)- 3(-x)* _ -8x- 3x?
6) TK y('x)_ (_x_2)2 - (x+2)2 >

HEUEeTHOM, oHa obIero Buaa. T.e. eé rpadpik HECUMMETPUYEH.

TO (YHKIUS HE SIBIIIETCS HU YETHOW, HHU

B) T.x. B dopmyne naHHOW (hYHKIUU HET MEPUOAUYECKUX COCTABISIIOIIUX, TO
OHa HEeMepUoaNIeCcKast.



C IIOCTPOEHHUEM I'padHKa.

(x-2)°

IIpuMep NOIHOTO HcCIea0BaHUE (PYHKIHUHU ) =

r) [lomo3puTepbHa Ha pa3phiB TOUKA x =2 . BRIACHUM THI pa3phiBa U MOBEJCHUE

(PYHKIIMH BOJIM3U STOU TOUKH:
2

lim X% _ (4o
520 (x-2)° 40
(T.€. IpU MPUOJIMKEHHUH K x =2 CJEBa rpaUK YXOJUT BBEPX);

. 8x-3x’ 4

lim —=(—) =+
x—>2+0 (x - 2) +0
(T.€. IpH NPUONMKEHHUH K x =2 CIpPaBa rpaUK TaKKE YXOJUT BBEPX).

T.o0. B TOUke x=2 (PyHKIHMS TEPIUT Pa3phiB 2-TO poja.




(x-2)°

IIpuMep 1OIHOTO HCCIIeNOBAaHUE PYHKIUU y = C IOCTPOCHHUEM TpaduKa.

n) Onpenenum, ecThb i1 y rpaduka GyHKIUH aCUMITOTHL

BrIiiie ye BBIICHEHO, UTO 00a OJHOCTOPOHHUX MPEAea B TOUKE x =2 PABHBI +w
, T.€. v rpapuka AaHHON (PYHKIMHU €CTh BEPTUKAIBHASI aCUMIITOTA — MpsiMast
x=2.

JUTss HAXOXXACHUSI HAKJIOHHOW ACUMNTOTBI y=kx+b MNPH x—>-c (T.€. JATIEKO
BJIEBO OT HaJaia KOOPAMHAT) BEIYUCIUM TIPEISTIbI:

2 2
kl=1imf(x)=1im%=1im 3’3{ Clim 2= () =0:
X—>-0  y X—>-00 (x_2) X x>0y A0y -0
. . 8x-3x’ . 8x-3x%’ . -3x?
b1=x11)r+130(f(x)-k1x)=xl_1)r£o( o -0-X)=x1_1)r£o (x-2) ZZXIEEO > =-3.

T.x. TOJyuYeHbl KOHEYHBIE TpPENebl, TO MPU x —-« HMEEM HAKIOHHYIO (a
UMEHHO - TOPU3OHTANBHYI0) ACUMITOTY y =0x-3=-3.



(x-2)°

IIpumep noIHOrO UCCIEIOBaHUE (DYHKIIUN y = C IIOCTPOEHHUEM IpaduKa.

AHAJIOTUYHBIMHU BBIYUCICHUSIMUA IMOJIY4acM IIPHU x — +o0o .

2 2
by = tim L = i B iy Y i 2o (220
X+ ) X—>+o0 (x_z) X x>ty x>+0 x + o0
8x -3x° 8x -3x’
b, = lim x)-k,x)=lim -0-x)= lim =
2 x—>+oo(f( ) ! ) x—>+oo( (x_2)2 X—>+00 (x_2)2
2
= lim T =23
X—>+00 x2

[ 'opu3oHTaIbHAS ACUMOTOTA Y = -3 TIPH X — + .



2

IIpumep NOIHOrO HUCCICAOBAHUE (DYHKIUH Y = 2)
x_

C MOCTPOCHHUEM rpaduKa.

¢) Halinem Touku nepeceueHus: PyHKIHUU ¢ OCIMH KOOPAUHAT.

B Toukax niepecedeHms rpaduka ¢ ocbro OX koopauHaTtel V' pasHbI O:
8x - 3x°
(x-2)°

TO TOUKH ¢ a0CIUCCAMH x =0 U x = %.

B Toukax niepeceueHus rpaduka ¢ ocero OY koopauHaThl X paBHbI O:

8.0-3.0°
¥(0) = 0-2)° =0

y= =0 = 8x-3x"=0 = x(8-3x)=0.
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IIpumep NoTHOTO UCCACAOBAHUC (PYHKIIHUU Y = -2)
x-

C IOCTPOCHUEM TrpaduKa.

BoIsIcCHUM HMHTEpBaJIbl 3HAKOIOCTOSHCTBA (hYHKIMH. J[JI1 5TOTO HaHeceM Ha OCkh
OX ocoOble TOUKHU: TOUKH pa3pbiBa (x=2) U TOUKH IepecedeHus ¢ ochio OX (
x=0, x= A). PacctaBuM B UWHTepBalax 3HAKW (PYHKIIUK, TIOJCTABUR

IMPOU3BOJIBHBIC TOUYKH U3 5TUX UHTCPBAJIOB.

8 (D-3-¢)° -8-3 11
D= -1-2> (3 g <>

81312 8-3 5 ]
0=y Ty T Y

g. 3. 3 4
o SO OY H K
(7% -2y My X
8.-3-3.3> 24-27 -3
YOS s T 30
3HA4YUT, B UHTEpBAJIAX (-0;0) U (y;+oo) rpaduk (YHKIIUU TPOXOJUT HIKE OCH
Y EYEY S

0 2 8, X

OX.,aB (02) H (2;%) - Boime ocu OX.



8x-3x’
———- C IOCTPOCHUEM rpaduka

IIpumep nosHOro UcCIeA0BAHUEC DYHKLIUU y = D)
x-

2. HavineT mpou3BOAHYIO (Y HKITUH:

8x -3x” , (8-6x)(x - 2)* - (8x-3x")2(x-2) B
27 (x-2)’ B

B (8-6X)(x-2)-2(8x-3x2) B 8x-16-6x>+12x -16x + 6x°
B (x-2) B (x-2)°

_4x-16  4(x-4)

(-2 (x-2)

a) Hanaem kputnueckue Touku 1-ro poaa.
[Io HECOOXOAUMOMY VCIIOBHIO JIOKAJILHOTO JKCTPEMyMa 3TO TOYKH O0JIacTH
OMPCACICHHUA, B KOTOPBIX TM¢pBas MNpom3BoAHAs paBHAa 0, CTPEMHTCA K
OCCKOHCYHOCTH HUJIH HE CYIICCTBYET.

[TpousBoaHass AAHHOU (PYHKIMU HE CYMICCTBYET B TOUKE x=2, HO 3Ta TOYKA
SBJIICTCS TOUKOH pa3phiBa M OBITh AKCTPEMY MOM HE MOJKET.

_A(x-4)
(x-2)

y'=(

=0 = x=4,

IIpupaBHsAEM NPOU3BOIHYIO HYJIIO: y '



2

8
[IpuMep NOAHOrO HCCACAOBAHUE (PYHKIUH y =

G C MOCTPOCHHUEM rpadHKa.
x-

0) BbIICHUM uWHTEpBaJbl 3HAKOIIOCTOSHCTBA IEPBOH IMPOW3BOJHOMU, T.€.
BO3pacTaHud-yObIBaHUS (PyHKIMH. HanHeceM TOUKM x=2 U x=4 Ha OChb H
paccTaBUM 3HAKH IIPOU3BOTHOM.
AHali3 3HAKOB NPOW3BOJHON IOKa3bIBA€T, UTO Ha HHTEPBAIAX (-02) M (4+0)
y HKITHS B03paCTaeT, Ha (2;4) - yOBIBaET.
¥+

7 2 \ 4/ X
B) OlpeIe M TOYKH JIOKAJIBHOT'O SKCTpEMYMa.
[Io mocTarodyHOMY YCIIOBHIO JIOKAJbHOTO BKCTpeMyMa 3TO TOYKH OOJIacTH
OIIpEJICNICHUS, TIPU MEPEXOJE€ UYepe3 KOTOphIe IIPOM3BOJHAs MEHSET 3HaK. T.K.
TOYKa x =2 SIBIIETCS TOYKOU pa3pbiBa, TO OHA HE SBIBIETCS TOUYKOM SKCTpEeMyMa,
HECMOTPS HE CMEHY 3HaKa IIEpBOIl IIPOU3BOIHOM.
A B TOUKE x=4 3HaK NEPBOU IIPOM3BOJHONM MEHSIETCS C «+» Ha «—», T.€. BTO
TOYKa JJOKaJIbHOTO MUHUMYMA.

r) UroObl HaHECTH B JalIbHEHINEM 3Ty TOYKY Ha rpaduk, BHIUHACIAM 3HAYCHUE

(Y HKIIH B HEH: (4)_8-4-3-42_32-48_-16_ s
Y (4-2)° 2° 4 '
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8x-3x
IIpumep noHOTO UCCACAOBAHUE (PYHKLUU Y = e C TIOCTPOCHUEM rpaduKa.
x_

3. HalineT BTOpPYIO NPOU3BOAHYIO aHATU3UPYEMOUN Py HKITUH:

WA, Mx-2) - A(x-3(x-2)7 A(x-2)-12(x-4)
Py T (x-2)° IR

4x-8-12x+48 -8x+40 8(5-X%)
I N R L I
a) Halinem kputmyeckue Touku 2-ro pona. [lo HeoOxoaumMoMy yCIIOBHIO TOYEK
nepernda 5TO TOUKU OOJIACTH OMpPENENICHUs, B KOTOPBIX BTOpas MPOW3BOIHAS
paBHa 0, cTpeMHTCs K OECKOHEYHOCTH HITH HE CYIIECTBYET.
B nanHom cnydae 3TO TOUKM x=2 W x=5. Ho mepBas Touka SBSIETCS TOUYKOU
pa3pbiBa. A BOT x=35 - KpUTHYECKAsl TOYKa 2-TO poJa.
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8x-3x
——— C IIOCTPOCHUEM rpaduka.

IIpumep MOHOTO UCCICAOBAHUC (PYHKIIUH y = *-2)
x_

0) BrIsicHUM MHTEpBAIBI 3HAKOIIOCTOSHCTBA BTOPOM IIPOU3BOIHOM, T.€. XapaKTep
BBITYKJIOCTH (DyHKIMH. HaHeceMm TOUKM x=2 W x=5 Ha OCb M PacCTaBUM 3HAKH
BTOPOU IIPOU3BOHON .
AHaJIN3 3HAKOB BTOPOU IPOU3BOJIHOM IMOKA3LIBAET, YTO HA UHTEPBAIAX (-0;2) U
(2;5) Tpaduk GYHKITUN BBITYKJIBIA BHU3, HA (5;+0) - BBIYKJIBIA BBEPX.
PEYEY =

“r2 N § f-\:?{—
B) Ompe/iesinM TOUKH Iieperuoa.
[lo jmocraTouHOMY NMPU3HAKY MEeperuda 5T0 TOYKU OOJACTU OUPECICHUs, IPU
[IEPEXOJIE Yepe3 KOTOPLIE V' MEHSET 3HAK.

3HaK BTOpPOW NPOW3BOJHON (HAIpaBICHUE BBITYKIOCTHA I'paduka) MEHSCTCS B
TOYKE x=5, KOTOpas MPUHAUICKUAT OOJIACTU olpejciicHusd. OHa SBICTCS
TOYKOU Ieperuda.
) BeauciauM 3HaueHne Gy HKIMHA B TOUKE IIeperuoa:

§-5-3-5 40-75 -35

5) - . — 2389,
YOSy TR T




1. IIpoanammsupyeM NoIydeHHBIE BRIUHUCICHUS U OCTPOUM I'paduk.
HaHeceM [INITPUXOBOM JIMHUEH BEPTHKAJIbHYIKD acumirory x=2. Kak
TOKa3bIBAIOT pacdeThl (1.1-T), rpaduk GYHKIMH IpU MOAX0JIe K STOU IpsSIMOM
yXOJIUT BBEPX MPH MPUOJIMKEHUH KaK cJIeBa, TaK M CIIpaBa.
HaneceM ropH30HTANBHYIO acUMOTOTY v =-3. T.K. (DYHKIUS HemnepruoaudecKkas,
ro MpUOJIMKACTCS K HEH TOJIBKO ¢ OJIHOM CTOPOHBI (CBEPXY WK CHU3Y ). [Ioka He
ICHO, ¢ Kakoli mMeHHO. Ha wmHTepBasie (-0;2) (PYHKIMS TOJBKO BO3pacTaer,
IpUYEM SIBJIIETCS BOTHYTOM. I Ha 5TOM HHTepBalie HET PKCTPEMYMOB. 3HAUMT,
rpaduK 10 TOUKH x =2 IPOXOJUT UMEHHO TakK, KaK H300pakeHO Ha PUCYHKE.

Y I'paduk 1oc)Ie TOUKH x=2 cHayaja
3 yOBIBAET JI0 TOUKH (4;-4), B KOTOPOH OH
uMeeT  MUHMMYM. llocie  sToro
dbyHKIUS Bo3pacTaeT. Ho kak nmeHHO?
I'padpik BOTHYT BILIOTH JIO TOUKHU
nepernuda x=5, MocCjie 4ero CTaHOBUTCS
BBIITYKJIBIM. HO BBIMYKJIBIM OH MOT OBl
OBITh II0-pa3HOMY. 3nech OH
ACUMIITOTHYECKH  NpUOIMKAeTCsS K
TOPHU30HTAJILHOM MPAMOU y = -3, IIOUTH
CJIMBAsICh C HEU B + .
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